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Abstract

Data-based methods, in particular deep learning methods, have been
successfully applied to solve various inverse problems. In medical imaging,
for example in computed tomography (CT) or magnetic resonance imaging
(MRI), deep learning methods have been developed that can lead to a
remarkable increase in image quality. During my doctoral studies, I analyzed
and developed various deep learning methods for image reconstruction with
a focus on the use of invertible neural networks. Invertible neural networks
form the basis for the implementation of generative normalizing flows.
Furthermore, I participated in data challenges to apply and validate these
and other novel deep learning methods to real-world problems.

This work consists of six publications. In the first works, the application
of invertible networks to approximate both prior and posterior distributions
in the context of medical imaging problems is investigated. In the Helsinki
Tomography Challenge, we evaluated different approaches for CT image
reconstruction on a real data set and achieved second place. Also, we
investigated the application of score-based diffusion models, as an extension
of the generative models in the other publications, to CT and MR
image reconstruction. In particular, we developed methods to deal with
discrepancies between the training and test distributions. In addition, we
have made necessary adaptations for the application of these methods to
positron emission tomography image reconstruction.

The necessary background is presented in the first part of the thesis, where
the application and construction of invertible neural networks are discussed.
Furthermore, the connection between normalizing flows and score-based
diffusion models is drawn.
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Zusammenfassung

Datenbasierten Methoden, insbesondere Deep Learning Methoden, wurden
in den letzten Jahren erfolgreich zur Losung von verschiedenen Inversen
Problemen angewendet. In der medizinischen Bildgebung, zum Beispiel in
der Computertmographie (CT) oder Magnetresonanztomographie (MR),
wurden Methoden entwickelt, die zu einer bemerkenswerten Steigerung der
Bildqualitét fiihren konnen. In meiner Promotion habe ich verschiedene Deep
Learning Methoden zur Bildrekonstruktion analysiert und entwickelt. Mein
Fokus lag in der Analyse von invertierbaren neuronalen Netzen. Invertierbare
neuronale Netze bilden die Grundlage fiir die Implementation von generativen
Normalizing Flows. Des weiteren habe ich an verschiedenen Challenges
teilgenommen, um diese neuartigen Deep Learning Methoden auf reale
Problemstellungen anzuwenden und zu validieren.

Diese Arbeit besteht aus sechs Veroffentlichungen. In den ersten
beiden Arbeiten wird die Anwendung von invertierbaren Netzwerken zur
Approximation von a-posteriori Verteilungen im Kontext von verschiedenen
medizinischen Bildgebungsproblemen untersucht. Zusatzlich haben wir an
der Implementierung von invertierbaren Netzwerken zur Approximation
der a-priori Verteilung gearbeitet. In der Helsinki Tomographie Challenge
haben wir verschiedenen Ansitze fiir die CT-Rekonstruktion auf einem
realen Datensatz ausgewertet und den zweiten Platz erreichen kdnnen.
In dem letzten Abschnitt haben wir die Anwendung von Score-basierten
Diffusionsmodellen, als Erweiterung der generativen Modelle in den
anderen Veréffentlichungen, auf CT-Rekonstruktion und MR-Rekonstruktion
untersucht. Insbesondere wurden Methoden fiir den Fall einer Diskrepanz
der Training- und Testverteilung entwickelt. Aufserdem haben wir
notwendige Anpassungen fiir die Anwendung dieser Methoden auf
Positronen-Emissions-Tomographie vorgenommen.

Zusétzlich wird im ersten Teil der Arbeit der notwendige Hintergrund
préasentiert. Hier wird insbesondere auf die Anwendung und Konstruktion
von invertierbaren neuronalen Netzwerken eingegangen. Weiterhin wird die
Verbindung von Normalizing Flows und Score-basierten Diffusionsmodellen
untersucht.
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Introduction

Motivation

The task in inverse problems is to reconstruct unknown parameters based
on indirect, noisy measurements. Inverse problems arise in a wide variety of
scientific and technical applications. In particular, medical imaging relies
on a stable solution of these inverse problems, for example in computed
tomography or magnetic resonance imaging. The integration of data-based
methods into the reconstruction process has led to significant advances in
recent years. In addition to a single point estimate for the solution, we are
interested in quantifying the uncertainty of this estimate. Deep generative
models are a promising tool for this task. Here, my research focuses on
two methods based on the theory of optimal transport: normalizing flows
and score-based generative models. First, we worked on the construction
of normalizing flows with invertible neural networks. Enforcing invertiblity,
while still retaining flexibility, is a hard problem. During my doctoral studies,
I explored various methods to construct flexible invertible neural networks.

Generative models, like normalizing flows, can be used to approximate
the prior or posterior distribution based on available data. Recently,
score-based diffusion models, have received a large amount of attention,
due to their outstanding performance in many imaging domains. In contrast
to normalizing flows, the neural network architectures used to implement
diffusion models are not required to be invertible. This flexibility allows for
a more simple design of diffusion models and modern network architectures
can be integrated more easily. Still, specifically in the application to inverse
problems, various challenges remain. In this thesis, we tackle two of these:
distribution shifts and necessary adaptations for application to positron
emission tomography.



Contribution

This cumulative thesis is based on the following papers (organised
chronologically):

Conditional Normalizing Flows for Low-Dose Computed
Tomography Image Reconstruction
Alexander Denker, Maximilian Schmidt, Johannes Leuschner, Peter Maass,

Jens Behrmann

Second workshop on Invertible Neural Networks, Normalizing Flows, and
Explicit Likelihood Models (ICML), (2020).

I had the idea for the project, did most of the implementation and did the
majority of the writing of the paper.

Conditional Invertible Neural Networks for Medical Imaging
Alexander Denker, Maximilian Schmidt, Johannes Leuschner, Peter Maass
Journal of Imaging, 7(11):243, (2021). DOI: 10.3390/jimaging7110243

The idea was formed in discussions with Maximilian Schmidt and Johannes

Leuschner. I am responsible for the magnetic resonance experiments and most
of the computed tomography experiments.

PatchNR: Learning From Very Few Images by Patch Normalizing
Flow Regularization

Fabian Altekriiger, Alexander Denker, Paul Hagemann, Johannes Hertrich,
Peter Maass, Gabriele Steidl

Inverse Problems, 39(6):064006, (2023). DOI: 10.1088/1361-6420/accebe
The idea was formed during my visit to the group of Professor Steidl. T
am responsible for parts of the analysis and implementation regarding the

computed tomography experiments and baseline methods. I contributed to
the writing of the paper.

Model-based Deep Learning Approaches to the Helsinki
Tomography Challenge 2022

Clemens Arndt, Alexander Denker, Séren Dittmer, Johannes Leuschner,
Judith Nickel, Maximilian Schmidt!

Applied Mathematics for Modern Challenges, (2023).

DOI: 10.3934/ammc.2023007

It was my idea to take part in the challenge. I am responsible for the
implementation and estimation of the forward operator, most of the creation
of the synthetic dataset, and the implementation and training of the modified
learned primal-dual method, which scored second place in the challenge.
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Thesis Overview

Chapter 1 provides the necessary background for inverse problems and deep
learning. Specifically, Section 1.4 introduces various concepts of applying deep
learning to inverse problems. Chapter 2 focuses on invertible neural networks,
with an emphasis on generative modeling and normalizing flows. Additionally,
in Section 2.4, the link between normalizing flows and the recently introduced
score-based diffusion models is explored.

My own work will be cited in red, for example [23], whereas other sources
are cited in blue, for example [1].
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Background






Chapter 1

Inverse Problems and Deep
Learning

The goal in inverse problems is to recover a parameter of interested
from indirect and noisy measurements. Inverse problems arise naturally in
many scientific applications. For example, many medical imaging tasks, like
computed tomography (CT), magnetic resonance imaging (MRT) or positron
emission tomography (PET), can be formulated as inverse problems. In these
different imaging modalities, we want to reconstruct an image of the interior
of the human body from indirect measurements. For example in CT, the
parameter of interest is the density and the measurements correspond to
the attenuation of x-rays, which are shot through the body from various
angles [146]. These three medical imaging modalities are examples of linear
inverse problems, which will be the focus of this thesis. In particular, we will
mostly focus on inverse problem in imaging, where the parameter of interest
is an #mage. In a linear inverse problem, we want to recover the image x € X
using noisy data ys; € ) given by

ys = Ax +1), (1.1)

where A : X — )Y is a linear forward operator and n € ) denotes
measurement noise. In Eqn. (1.1), we highlight the case of additive noise.
In many important applications, the inverse problem (1.1) will be ill-posed,
in the sense that no unique solution exists, the reconstruction is highly
susceptible to noise, or both, see for example [65, 140, 177]. To handle
ill-posedness, the inverse problem needs to be regularized. With the advent
of deep learning models, data-driven regularization methods have become
increasingly popular, see for example the review [16], and several novel
data-driven methods will be discussed in this chapter.



Chapter 1 Inverse Problems and Deep Learning

In this chapter, we start with a short presentation of inverse problems,
where we follow the work of Rieder [165]. We will cover both the functional
analytic and the statistical approach to solving inverse problems. This is
followed by an introduction to deep learning and deep neural networks, with
a focus on imaging applications. In the last part of the chapter, we deal with
different applications of deep learning models to inverse problems.

1.1 Inverse Problems

In this section, we discuss the theory of linear inverse problems and
cover regularization techniques for a stable recovery of reconstructions. The
prototypical inverse problem is defined as follows.

Definition 1.1 (Inverse problem). The measurements y € Y follow an
observation model

y = Ax,

where A : X — Y maps from the set of all possible images X to the set of
all possible measurements Y. The inverse problem is defined by

Giveny € Y, find x € X such that y = Ax.

In this thesis, we only consider bounded linear operators A : X — )Y
between Hilbert spaces. However, there exist also a rich theory of inverse
problems in Banach spaces [178].

1.1.1 Ill-posedness and Regularization Theory

The definition of well-posed problems goes back to Hadamard [81]. A problem
is well-posed, if and only if three conditions hold: 1) the problem has a
solution, 2) the solution is unique and 3) the solution changes continuously
with the data. Adapted to inverse problems, we arrive at the following
definition of well-posedness.

Definition 1.2 (Well-posedness (Hadamard)). Let A : X — Y. The problem
findx e X s.t. Ax =y forye)

is called well-posed according to Hadamard, if and only if

1) Vye)Y Ixe X: Ax =y (solvability)
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1.1 Inverse Problems

2)Vy €Y Adlx € X : Ax =y (uniqueness)
3) A1 Y — X is continuous with respect to the norm in X, Y (stability).

If one of these conditions is violated, the problem is ill-posed according to
Hadamard.

The three conditions can be expressed in terms of the forward operator A.
Solvability requires a surjective and uniqueness an injective operator A. To
fulfill the stability condition it is necessary for the inverse A~! to exist and
to be continuous.

We can deal with non-surjective or non-injective operators by broadening
the definition of a solution. If the operator A is not surjective, there
exist y ¢ Range(A) for which we cannot find a x that exactly maps to y.
To handle this scenario, we use a Best-approximation, defined as the image x
such that Ax is closest to y with respect to the norm used in ).

Definition 1.3 (Best-approximation). x € X is a Best-approzimation if and
only if
[Ax —ylly < [Ax—yly VxeX.

If both X and Y are Hilbert spaces, we refer to x as the least-squares solution.

If the forward operator A is not injective, there might be several elements
mapping to the same y and the Best-approximation is not unique. We need
an additional criterion to select a unique solution. Here, the Moore-Penrose
solution, also referred to as Minimum-Norm solution, is commonly used.

Definition 1.4 (Moore-Penrose solution). x € X is the Moore-Penrose
solution (Minimum-Norm solution) if and only if x is a Best-approzimation
and ||x||x < ||x||lx for all Best-approrimations x. We denote the
Moore-Penrose inverse as AT : Range(A) © Range(A)r C Y — X.

The Moore-Penrose solution is defined as the Best-approximation
with minimum norm. This definition of a solution handles the case of
non-injective or non-surjective forward operators. However, the domain of
the Moore-Penrose inverse is a subset of ) if the Range(A) is not closed.
Thus, the Moore-Penrose inverse is only continuous if the range of A is
closed. This range criterion is used by Nashed to characterize ill-posed inverse
problems [65, 165|. For compact operators, we can characterize ill-posedness
using the singular value decomposition. For ill-posed inverse problems, the
forward operator has singular values o; which converge to 0. Further, the

11



Chapter 1 Inverse Problems and Deep Learning

decay rate of singular values can be used as a measure of ill-posedness. The
singular values of Af are given as o; ', i.e., a decay of the singular values
of A can lead to unbounded singular values for AT, see the Picard condition
(for example in [165, Theorem 2.3.7]).

For real-world data, the measurements are corrupted by noise and thus we
only have access to ys = y+n with ||n||y < § and § is the noise level. Applying
the Moore-Penrose inverse to the noisy data ys leads to amplification of the
noise by o; ' in the direction of the respective singular vector. The noise
amplification makes Afys generally unusable in practice.

To deal with the noise amplification, the reconstruction process has to
be stabilized, referred to as regularization |17, 140, 201]. Let {R4}as0 be
a family of bounded linear operators that approximate the Moore-Penrose
inverse for a« — (. The parameter « is referred to as the regularization
parameter and can depend on the noisy measurements or the noise level,
e, @ = afy’, §). The reconstruction R,y 4 (y°) is then used in place
of the Moore-Penrose solution. The resulting reconstruction error can be
decomposed into two terms

IATY = Raysllx < [|ATy = Rayllx + [Raly —ys)llx. (1.2)

where the first part is referred to as the approximation error and the second
part is governed by the noise level. In general, the first part converges to
zero as a — 0 and the second part is small for &« — oo. This means, that
we have to choose a suitable regularization parameter o to balance both
types of errors. There exists a plethora of parameter choice strategies either
dependent on the noise level, the noisy measurements, or both.

A particularly powerful and flexible approach to regularization is
variational reqularization |28, 177]. In variational regularization, the
reconstruction is obtained by solving an optimization problem

Raolys) = argmin d(Ax,ys) + aS(x), (1.3)
xeX

with a data discrepancy functional d : Y x Y — Rsp and §: X — Ry
is a regularization functional with a regularization parameter o. The data
discrepancy functional measures the closeness of the reconstruction to
the measured data, whereas the regularization functional promotes desired
features of the solution. Variational regularization has generalized many other
well-established regularization methods. For example, the famous Tikhonov
regularization [201] can be formulated as a variational problem

1 1
Ra(ys) = argmln—HAx—y(;H%(—}—a—Hfo\,. (1.4)
xeX 2 2
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1.1 Inverse Problems

Variational regularization offers a flexible approach to modeling the
reconstruction process, as both the data discrepancy term and the
regularization can be modeled independently. In particular for convex
regularizers S : X — R

Ralys) = argmin |Ax — ys||3 + aS(x), (1.5)
xXe

variational regularization offers a rich theory, i.e., uniquess of a solution or
convergence rates. Further, there exist extensions to Banach spaces [178] and
to nonlinear forward operators [64].

1.1.2 Statistical Inverse Problems

In the statistical view on inverse problems, both the image x and
the measurements y are modeled as random variables. Instead of
recovering a single reconstruction, the goal is to estimate the posterior
distribution pP**(x|y), i.e., the conditional distribution of images x given
measurements y [68, 103, 197]. Access to the posterior allows for uncertainty
quantification. Besides a single point estimate, we can provide the variance
or confidence intervals of the solution. This is especially useful in medical
imaging problems, where it can help clinical decision-making, for example
informing the decision if a part of an image is a reconstruction artifact or
corresponds to a lesion [5]. The statistical formulation further comes with
desirable theoretical properties. For example, the statistical inverse problem
can be well-posed with respect to distances in probability space, even if it
is ill-posed in the functional analytic framework [117]. Moreover, in many
examples, the posterior will concentrate around the true solution, if the noise
level goes to zero [147].

The foundation for modeling statistical inverse problems is given by
Bayes’ theorem. For this thesis, we will stick to finite-dimensional inverse
problems and assume that all random variables admit a (Lebesgue) density.
We therefore denote both the density and the probability distribution
with that density with p(-). However, there exists a rich theory for
infinite-dimensional inverse problems, for example in the reviews [49] or [193].
In the finite-dimensional setting, we can give Bayes’ theorem in the following
form

post x — plkhd<y‘x>7r(x>
PP (xly) o)

The relationship between measurements y and images x is governed by the
likelihood p"(y|x), which is the statistical analogue of the forward model

(1.6)

13



Chapter 1 Inverse Problems and Deep Learning

in Eqn. (1.1). The prior 7(x) describes prior information about the solution
before we get any measurements. The term p(y) is denoted as the evidence
and has applications in Bayesian model selection [127], see [21] for an example
of selecting the angles in CT. For all sampling and optimization tasks in this
thesis, the evidence does not need to be evaluated. Therefore we write

PP (x]y) oc pH (y[x)m(x). (1.7)
Similar to variational regularization, Bayes’ theorem offers a flexible approach
to modeling by choosing likelihood and prior independently. One of the most
common likelihood models is given by the additive noise model

y =Ax+n, (1.8)

with a deterministic linear forward operator A and the noise n ~ p,(n)
follows some pre-specified distribution [16]|. For this modeling approach, the
likelihood reduces to

P(ylx) = py(y — Ax). (1.9)
With a Gaussian noise model p, ~ N(0, 0*I), the negative log-likelihood
1
—log p"(y|x) = ﬁHAX — y||3 + constant, (1.10)

can be interpreted as a data-discrepancy term, similar to the squared error.
Statistical estimation techniques, which only rely on the likelihood, suffer
from the ill-posedness of the inverse problem. In the setting of i.i.d. Gaussian
noise, the maximum likelihood estimator xy, is given by

lichd

XL i= argmax log p
xeR”

yho) = arguiin |y - AxJ, (L1
xcR™

and admits the same solution and stability issues as unregularized least
squares. Thus, estimators based on the full posterior are generally preferred.
In high-dimensional imaging problems, it is not possible to visualize the full
posterior and we have to rely on point or interval estimates [103]. Two of the
most common estimators for Bayesian inference are the maximum a posteriori
(MAP) estimator

Xpap (= argmax log pP*' (x|y), (1.12)

x€eR"

and the conditional mean (CM)

XeMm = EXNpPOSt(x\Y) [X] = / X pPOSt (X|Y)dx' (1'13)

n

Taking a closer look at the MAP estimator, we see a strong link to variational
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regularization. Bayes’ theorem allows us to rewrite the MAP estimator as

XMAP = argmin — logplkhd(}"x) — log 7(x). (1.14)

xeR™
In the setting of additive Gaussian noise and a Gibbs prior

7(x) o< exp(—A[|Lx|]3), (1.15)
where L”L is a positive definite matrix, the MAP reduces to
o1
xuap = argmin = | Ax — |3 + AL, (1.16)
x€R? o

which is equivalent to generalized Tikhonov regularization [177], see also
Eqn. (1.4). This highlights the fact that the prior can take the role of a
regularizer. Besides the CM, other moments of the posterior are also of
interest. For example, the point-wise standard deviation is often used for
uncertainty quantification in imaging problems. Estimating moments requires
computations of expectations of the form

B pronul99) = | g™ (xly)dx, (117

for different functions g : R* — R, e.g., g(x) = (Xcm, —%;)? for the pointwise
conditional variance for the ¢th component of x. Computing this expectation
requires the evaluation of a high-dimensional integral, which is intractable
using standard numerical integration techniques. Instead, the expectation is
estimated using Monte Carlo methods

N
1 i i 08
Eocprost (xly) [9(x)] ~ N E g(x®D), xO ~ pPost(x]y). (1.18)
i=1

Monte Carlo estimators show a slow convergence rate of O(N~'/2), using the
law of large numbers [111], but crucially are independent of the dimension of
the image n and thus do not suffer from the curse-of-dimensionality. Howver,
computing the Monte Carlo estimator requires samples of the posterior.

Sampling from the Posterior There are two main families of methods
for sampling from the posterior distribution: Markov Chain Monte Carlo
(MCMQ) [71] and Variational Inference (VI) [31].

MCMC defines an iterative sampling procedure with the posterior as the
stationary distribution. For high-dimensional imaging problems, Langevin
MCMC is one of the most used variants [155, 118] and has extensions
to incorporate non-differentiable priors like total variation [154]. However,
MCMC methods often require a large number of iterations to converge.
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Chapter 1 Inverse Problems and Deep Learning

In contrast, VI frames the sampling problem as an optimization problem:.
Let {pyg|l0 € O} be a family of probabilistic models. We often require that
these models are tractable, which means that they allow for efficient sampling,
likelihood computation, or both. Then, the probabilistic model py(x)
that best approximates the posterior is identified. A common choice, to
measure the difference between pg(x) and the posterior pP*(x|y), is the
Kullback-Leibler (KL) [116] divergence

Po(x) }

D post :]Exw X 1
@ a7 () = B [tog L2

= By () [~ 1og p** (x|y) + log py(x)].
Using Bayes’ theorem for the posterior and dropping all terms independent
of 0, the goal in VI is to recover

(1.19)

0 = argmin By, ([~ log p"" (y[x) — log w(x) +logps(x)],  (1.20)

0e0

and use samples from the variational model py(x) as a surrogate for samples
from the true posterior. The optimization has to be performed for every
new measurement y, which makes VI costly in applications where evaluating
the forward operator and likelihood is expensive [181]. In amortized VI, we
instead learn a conditional variational model py(-|y), which minimizes the
expected KL divergence over measurements y [108, 131, 150|. The class of
probabilistic models {py|0 € O} is critical for the success of VI and amortized
VI. In Chapter 2, we will discuss how normalizing flows, based on invertible
neural networks, can be used for VI. Both MCMC sampling and VI require
access to an analytical formulation of both the likelihood and the prior.

The likelihood is given by the knowledge about the physics of the
system and the noise model. However, the choice of a suitable prior is not
as straightforward. The prior aims at encoding existing knowledge about
the solution and can significantly influence the posterior and all estimates
determined from it. A promising method is to choose the prior empirically
given data, see for example |63]. In the next sections, we will discuss methods
of learning a prior from data.

1.2 Deep Learning

Deep learning is a subfield of machine learning, which studies the questions
of how machines or programs can learn from data [75, 158]. Many modern
machine learning algorithms are implemented using neural networks. Deep

16



1.2 Deep Learning

learning refers to the use of neural networks with a large number of trainable
parameters and a large number of so-called layers. From a mathematical
perspective, deep learning offers an interesting combination of concepts from
statistical learning, data analysis, and optimization theory.

In this section, we give a short introduction to statistical learning
theory, the theoretical framework underpinning deep learning. Next, we will
introduce feedforward neural networks and training algorithms. Lastly, we
will cover convolutional neural networks, a network architecture specifically
designed to work with images.

1.2.1 Statistical Learning Theory

Statistical learning deals with the principles behind learning from data
and forms the basis of machine learning theory, see e.g. [84, 206]. In
statistical learning theory, learning from data is framed as a function
estimation problem. In the case of supervised learning, we have access to
a dataset {x( y( NN of inputs x) € X and labels y®) € Y and want to
find a function f : X — Y such that f(x®) ~ y® foralli = 1,...,N.
Assume, in a general setting that we have access to the full joint probablhty
distribution p(x,y) of inputs x and labels y. The goal of statistical learning
is to find a function f € H such that the risk

LP(X»Y)(]C) = Ex yrp(x,y) [ (f, (x,¥)] (1.21)

is minimized, where ¢:H x (X x)) — Rs( is a loss function and H
is the hypothesis space. The hypothesis space is the search space and
elements f € H are called models. The loss function ¢ measures the
discrepancy between the model output and the label and is defined for
the task at hand. For regression tasks, for example, arising in image
reconstruction, the loss function is usually chosen as the mean squared error.
For image segmentation or classification, a cross-entropy loss function is
employed.

In general, the risk in Eqn. (1.21) can not be computed as the
joint distribution is unknown. Instead, the principle of empirical risk
minimization (ERM) is employed

Fura = argmin { emp Ze ))} : (1.22)

feH

where Lemp(f) is the empirical estimate of the risk.
There are two common failure modes associated with empirical risk
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Chapter 1 Inverse Problems and Deep Learning

minimization and the hypothesis class H. The first is underfitting, i.e.,
no model in H can represent the relationship of inputs and labels. The
second failure mode is called overfitting. For overfitting, the model }"ERM
achieves a low empirical risk, but the risk Lp(X,y)(L%ERM) is not minimized,
ie., Lp(xy)(fERM) > Lemp(fury)- Cross-validation techniques can be
employed to diagnose overfitting [141, 192]. However, cross-validation
requires the retraining of the model on different subsets of the data and is thus
computationally expensive for large deep learning models. Instead, in deep
learning the dataset is split into two parts; a training dataset and a validation
dataset [75]. The training dataset is used for empirical risk minimization
and the loss on the validation dataset is tracked to estimate generalization
capabilities and diagnose overfitting. Generalization capabilities depend
crucially on the choice of the hypothesis class [139]. The hypothesis class
can be restricted to include prior knowledge, referred to as inductive bias. In
image classification tasks, the label y is often independent of the rotation of
the image x. This information can be encoded in the hypothesis class, for
example through the use of group equivariant convolutions, see [46]. Another
way to tackle overfitting is to introduce regularisation terms to the ERM
objective [169].

Besides supervised learning, there exist many other learning tasks [75].
Important for this thesis is unsupervised learning, where only inputs {x® N
without the associated labels are provided. Typical tasks here include
generative modeling, which will be discussed in Section 1.3, dimensionality
reduction, or clustering. Various learning tasks arising in solving inverse
problems will be presented in Section 1.4.

1.2.2 Feedforward Neural Networks

The prototypical example of a neural network is the feedforward neural
network, without any recurrent connections. Feedforward neural networks
are composed of several building blocks, referred to as layers |75|. Each
layer consists of an affine linear transformation and a non-linear activation
function o : R — . The linear transformation has learnable parameters,
called weights and biases. For a fully-connected network, a single layer
is defined as follows. Let h' € R% be the input to the [-th layer, the
output h!*! € R%+ is given by

h*' = ¢'(h') =: o(W'h! +b'), (1.23)
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1.2 Deep Learning

where o : R4+t — R%+1 is defined by
o(h) = (o(hy),...,0(hg,,)), heR™" (1.24)

and denotes the pointwise application of the activation function o. The
weights W' are a d;;; x d; matrix and the bias b € R%+ is a vector.
Thus, a single fully connected layer has d;.1d; +d; learnable parameters. The
activation function o is usually fixed. One of the most widely used activation
functions is the rectified linear unit (ReLU) [145] defined by

x, ifx>0
o(x) = . (1.25)
0, otherwise

A fully-connected neural network with L layers is defined by iteratively
stacking the layers in Eqn. (1.23) as
¢'(x) = o' (Wix+b),
P (x) = "N (WHT D (x) + B!, forl=1,...,L—1,
and f(x,0) := ®%L(x) is the final output of the neural network with

parameters § = (W' bl ... WL bl). The first layer ®! is called the input
layer, the last layer ® the output layer and the intermediate layers are called
hidden layers.

(1.26)

1.2.3 Training a Neural Network

Training a neural network involves minimizing the empirical risk, typically
with the inclusion of regularization terms. However, the training problem
differs from classical optimization problems in some important aspects.
Since the empirical risk serves only as a surrogate for the actual risk, it
is not necessary to minimize the empirical risk exactly. Often, early stopping
rules are applied based on the empirical risk of a held-out validation set.
Consequently, training may be stopped even if the gradients of the empirical
risk are still large (see for example Section 8 in [75]).

The empirical risk in Eqn. (1.22) decomposes into a sum over all training
examples. Due to the linearity, computing the gradient of the empirical
risk requires evaluating the network for all examples in the dataset. This
is prohibitive for large datasets with thousands or even millions of data
points. For training deep learning models stochastic gradient descent (SGD)
methods are preferred [66, 75|. For SGD, the gradient of the empirical risk
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is approximated by

N
%;Vef(fo, (Y0 ~ - > at(fo (x5 (1.27)
where M = |B| is called the batch size and B C {1,...,N} the batch,
randomly drawn from the full training dataset. The term stochastic in
this context refers to the fact that the gradient of the empirical risk is
approximated using a random subset of the full dataset. Besides saving
computational cost, SGD has some interesting theoretical properties. Under
some assumptions, SGD can have the same convergence rate as methods
making use of the gradient of the full dataset [171]. It has been observed in
experiments, that SGD often leads to a better generalization error and faster
convergence with respect to the total computational cost of the training
algorithm [213]. Further, the estimation using a subset of the full dataset is
also motivated by the fact that we can expect a correlation between examples
in large-scale datasets, e.g., in a classification task we might have two very
similar images of the same object. The update rule for SGD is given by

gE+l — gk _ yk% Z Vol(fs, (x(’),y(’))), (1.28)

ieBk
where the batch B* is randomly chosen for each update and ¥ > 0 is
the learning rate. The gradient of the loss function for each example is
computed using the backpropagation algorithm [167], which is an efficient
way for computing the gradients in a neural network. A common extension
of the update rule in Eqn. (1.28) is to include momentum terms or use

adaptive learning rates, for example, resulting in the widely used Adam
algorithm [106].

1.2.4 Convolutional Neural Networks

A digital or discrete image of size d x d is defined as a tensor x = (; )ik
with 72,7 = 1,...,d as the spatial dimensions and k = 1,...,c representing
intensity channels [177]. Later, we often work with vectorized images,
i.e. x € R" with n = d?k. For RGB images, the number of channels ¢ = 3
represents red, green, and blue intensity values and for grayscale images ¢ = 1
represents the gray value, usually between 0 and 1. Many medical images
can be represented as grayscale images, for example in CT the grayscale
value encodes the density at the specific pixel. Image processing with neural
networks requires specialized network architectures due to the inherent
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properties of images |75, 158|. First, images are generally high dimensional.
Medical images used in deep learning often have a spatial dimension of at
least 256 x 256px. A fully-connected layer, with the same input and output
dimensions, would already have over 4 Billion parameters for images of this
size. This makes employing classical fully-connected neural networks for
imaging tasks impossible. Secondly, images have a high spatial correlation
of neighboring pixels, which is not taken into account for fully-connected
layers. Further, in many machine learning tasks images are stable under
certain geometric transformations, i.e., small shifts or rotations do not change
the content. Convolutional layers are designed to model these assumptions.
A multi-channel convolution for an input image h! € R with spatial
dimensions d x d and c¢; channels and an output h*! € R¥¥*% with c,
channels is defined as the correlation with a filter w € RZk+Dx(Zk+1)xcrxe;

c1 k k
hi:;,l?’ = Z Z Z Wsmcﬁhé-i-s,j—f—r,c? (129)

=0 s=—kr=—Fk
fori =1,...,d,j =1,....,dand ¢ = 1,...,co. As h! is only defined on
the d x d pixel grid, the values outside of the domain have to be defined. This
is referred to as padding and a common choice is zero padding, i.e., setting all
elements outside of the d x d pixel grid to zero, e.g., hl—1,—1,c := 0. The number
of channels is typically increased in the hidden layers for many deep learning
architectures |75, 182]. The definition in Eqn. (1.29) is restricted to square
filters (k x k) and images on a square d X d pixel grid but can be extended
to rectangle pixel grids and filters. For a 1 x 1 convolution, i.e., k = 0, the
convolutional layer can be written as a linear transformation of the channels,
repeated as every pixel location. Let hi?l € R be the vector of channels at
location (i, j) and h}; € R“, then we have

h!*! = W'n! (1.30)

2,75 2,757
where W' € R?*“ is the filter matrix, i.e., W, = weg.
A full convolutional layer consists of a multi-channel convolution with
activation function and bias

h'TL = o(htL 4 b,), (1.31)

1,7,C 1,7,C
where b € R® is the bias for this layer, which is shared for all image pixels,
and the activation function is applied element-wise. There exist a variety of
extensions to this basic multi-channel convolution, for example, using strided
or grouped convolutions [144].
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Besides multi-channel convolutions, most CNNs also include
downsampling layers, to reduce the spatial dimension. This helps to
reduce the computational cost and makes the CNNs approximately invariant
to small translations [75]. One of the most widely used architectures
for image-to-image tasks, including image reconstruction and image
segmentation, is the U-Net proposed by Ronneberger et al. [168]. The U-Net
is an extension of fully convolutional networks [125]. It consists of two parts:
a contracting part and an expansive part. Modern variants of the U-Net
typically also include attention mechanisms in both the contracting and
expansive part [55].

1.3 Generative Modeling

Deep generative models have many applications in a lot of different
research areas. Two important applications are based on either
estimating the likelihood of new observations, or generating new samples
from the underlying distribution. Evaluating the likelihood allows for
out-of-distribution or novelty detection [219], which is important in medical
or industrial applications. The generation of new samples is by now
widely known for the use of deep fakes [43] in particular in combination
with the recent advent of large-scale text-to-image diffusion model [215].
Applications in inverse problems include the approximation of posterior or
prior distributions and will be extensively discussed in the second chapter of
this thesis.

1.3.1 Setting

The goal of generative modeling is to model and estimate an unknown
distribution from a given dataset |75, 173, 186]. Let {x@}Y, ~ pgata(X)
denote the dataset, where we assume that all elements are i.i.d. samples
from the underlying data distribution pgata(x). Similar to Section 1.1.2, we
denote both the probability distribution and the density with p(-) and focus
on finite-dimensional distributions.

In generative modeling, we choose a specific family of probabilistic
models {py| 0 € ©} to model the data distribution pgas,(x). The probabilistic
models py are parametrized by parameters 6 € ©, where © is the set of
admissible parameter values. The goal is to identify parameters 6 such that

Py(X) A Pdata(X)- (1.32)
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The probabilistic model py(x) can then be used as a surrogate for the
unknown data distribution to facilitate sampling and density estimation.
In the context of deep learning, the probabilistic model py(x) is typically
denoted as a generative model and, in particular, if py(x) is constructed using
deep neural networks, as a deep generative model [173].

1.3.2 Density estimation as an ill-posed problem

Estimating the probability density function is an ill-posed inverse problem.
We present an example by Vapnik [206]. Assume the case of n = 1, i.e.,
one-dimensional density estimation. Further, assume we have a dataset of
i.id. samples {z( ... 2™} from the target distribution with density p.
The density function is related to the distribution function via the integral
equation
x
/ p(x')dx’ = F(z), (1.33)
—0o0

where we only have access to the empirical distribution function

F(z) ~ Fy(z) = % Z H(z — 29, (1.34)

with H : R — {0,1} as the Heaviside function. The corresponding inverse
problem, i.e., estimating the derivative from the antiderivative, is ill-posed.

This highlights the fact, that generative modeling requires regularization.
In generative modeling, this regularization usually comes in the form of
choosing a specific family of probabilistic models {py| 6 € ©}.

1.3.3 Fitting the Model

Modern  generative modeling is framed as an approximation
problem |75, 173]. To find parameters 0, such that P3(X) X DPdata(X),
we minimize the discrepancy of the probabilistic model to the target
distribution. The goodness of fit is measured with respect to the KL
divergence

Di (s G000 = Erepi [l5( 225D | 139
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where Dgy,(Paata(X)|[po(x)) = 0 if and only if the two distributions are the
same. The optimal parameters are obtained by minimizing the KL divergence

argmin Dy, (Paata(X)||pe(x))
0O

= aregn(;in ]Exwpdata(x) [log pdata‘ (X)} - Eprdata‘(x) []'Og p@ (X>] (]_ . 36)
€

= argminEyx.,,... x)[— 10g po(x)],
0cO

which reduces to the minimization of the negative log-likelihood. As the
target distribution is unknown, we use the empirical estimate
N

o 1 .
0 = argmin — — log pe(x¥), 1.37
gmin 3 >l (1.37)
as a proxy for Eqn. (1.36) using the available dataset {x}Y  ~ pgaia(X).
Besides the KI. divergence, general f-divergences of the form

pdata<x)>:|

D ata (X X)) = Expyara (x , 1.38
1 (Pdata(x)|[po(x)) Pdata(X) |:f< po(x) ( )
with a convex function f : [0,+00) — (—00,+00], have been explored for
generative modeling [13, 151].

1.3.4 Challenges

Not every neural network defines a generative model pg(x). As pp(x)
models the density function of a distribution, it has to fulfill two important
restrictions: non-negativity and normalization. While non-negativity is
often trivial to enforce for neural network architectures, the normalization
constraint, i.e.

/ po(x)dx =1 forall 6 € O, (1.39)

is much harder to fulfill.

One class of models, which directly parametrize the probabilistic model,
are energy-based models (EBM) [1, 119, 161]. In an EBM, the probabilistic
model py(x) is parametrized as

po(x) = exp{—fo(x)}/Zy with Zp = /n exp{— fo(x) }dx, (1.40)

where fy : R™ — R is a neural network, without any architectural restrictions,
and Z, is the normalization constant. In deep learning frameworks,
Eqn. (1.37) is typically minimized by gradient descent, which requires the
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evaluation of the gradient
—Vg logpg(x) = V@fg(x) + Vg 10g Z@. (141)

The first part can be obtained using the backpropagation algorithm as
discussed in Section 1.2.3. The second term, Vjylog Zy, can be estimated
as

vﬁ 1Og ZG = IEx~109(x) [ngg (X)]> (1'42)

and requires access to samples from the EBM [90]. The samples are
usually obtained using Langevin MCMC methods. For each training step,
new samples are required, making the training computationally expensive.
However, there exists a lot of work to speed up the training, for example,
using a persistent MCMC chain throughout the training [200].

Instead of a direct parametrization of the probabilistic model, most
modern generative modeling frameworks construct py(x) as a transformation
of some tractable base distribution. Here, different methods, i.e., constraining
the architecture or using a surrogate loss, are employed.

1.3.5 Implicit Generative Modeling

Most current deep learning frameworks use an implicit approach to modeling
the density [173]. This means, that the density is not parametrized directly
by a neural network. Instead, pg(x) is implicitly parameterized as a
transformation of some base distribution p,(z), usually chosen as a Gaussian.
For this approach, the goal is to learn a generator gy : R¥ — R", that pushes
the base distribution p,(z) to the desired image space. The dimensionality of
the so-called latent space RF is a crucial choice in the modeling process and
determines which training techniques can be applied.

Equal Dimensionality

First, there are approaches using an equal dimensionality of the latent space
and the image space, i.e., k = n. In this case, any measurable generator gy
defines a valid distribution via the pushforward measure py = (o) Pz,
which enables training based on the maximum likelihood principle. These
push-forward models have strong connections to the optimal transport
theory [209] and there exists a rich theory about using these push-forward
models to learn to sample from a target distribution, see the review [132].
Moreover, if the generator is invertible, these models are denoted as
normalizing flows, which will be covered in detail in Section 2.1. Further, this
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theory has been extended to injective generators [114]. Recently, score-based
diffusion models [91, 184, 189] where introduced as an alternative modeling
approach. Score-based diffusion models define a forward diffusion process
mapping the data distribution pga.(x) to the latent distribution p,(z). It
has been shown that there exists a reverse diffusion process mapping the
latent distribution back to the data distribution [10]. This reverse diffusion
process requires access to the score V. 10g pqasa. The generator gy is implicitly
defined by this reverse diffusion process. Training the score-based diffusion
model requires estimating this score function. A detailed introduction to
score-based diffusion models and connections to normalizing flows are given
in Section 2.4.

Lower Dimensional Latent Space

Another approach is to choose a lower dimensional latent space, i.e., k < n.
This is motivated by the manifold hypothesis [27], which states that
real-world high-dimensional data, such as images, are concentrated around
a low-dimensional manifold. The choice of using a lower dimensional
latent space comes with challenges in training such a model. For a lower
dimensional latent space, the range of the generator Range(gy) is a k-dim.
manifold and any image x has probability zero almost everywhere under the
generator, which makes maximum likelihood training intractable. Variational
autoencoders (VAE) [108| define a density on the full image space by
prescribing an observation model p,(x|z) = N (x; go(z), nI,) such that

po(x) = /Rk Pe(X|2)p,(2)dz (1.43)

defines a probability density. However, evaluating the likelihood requires the
computation of a high-dimensional integral, which is intractable for training.
VAE define an additional trainable encoder ey(z|x), usually implemented
as ey(z|x) = N (2; py(x), Xy (x)) with two neural networks fi,, Xy estimating
mean and variance. With this additional encoder, the likelihood can be
rewritten as

1Og DPo (X) = IE’zwew (z]x) [lOg Do (X)]

~ Bt [tox( 202 ) |+ Dua (s alm(abe)) (1,40

> ]Ezwew (z]x) [IOg Po (Xv Z)] - Ezwew (z]x) [IOg €y (Z’X)]a
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following the derivation in [173]. This lower bound is referred to as the
evidence lower bound (ELBO). Using the Gaussian observation mode, the
ELBO can be rewritten as

Ezwew(z\x) [lOg Do (X, Z)] - Ezwew(z\x) UOg €y (Z|X>]

= Egmey (ol 108 Py (X2) — 10g p;(2)] — Egre, o 108 € (2]%)] (1.45)
1
=~ g e tabo[190(2) = X[3] — Bare o log ey (2])] + const.,

where the first term includes a reconstruction loss Egec, (zjx)||90(2) — x[13],
similar to traditional autoencoders. Maximizing the ELBO thus maximizes
a lower bound to the log-likelihood. Both the parameters of the encoder v
and the parameters of the probabilistic 6 are optimized at the same time.
Sampling from a VAE is a two-step process, first a sample from the latent
distribution is drawn, which is then used as an input to p,(x|z), i.e.,

x ~pg(x) & x = go(z) +€, with z ~ p,(z),e ~ N(0,7°L,). (1.46)

Even though ¢(z) might be a clean image, the final sample of the VAE
requires evaluation of the Gaussian observation model, which amounts to
adding noise with a fixed variance to gp(z). In particular for the Gaussian
observational model, the images produced by a VAE thus often have worse
visual quality than other generative models [216].

Generative adversarial networks (GANs) [76] circumvent the problem
of dealing with the likelihood by only training a generator for sampling.
The difference between samples from the GAN and the dataset is
measured directly in image space. However, in contrast to the VAE, this
difference is not measured using an L2 loss function. Rather, training a
GAN can be interpreted as a zero-sum-game, where an additional neural
network dy : R" — [0, 1] is trained to distinguish between samples from the
training data, i.e., ds(x) ~ 1 for x in the training data, and samples from
the GAN, i.e., dys(go(z)) ~ 0. This can be encoded in the loss function

Laan(0,0) = Exppal0g dg(X)] + Egnp, ) [log(1 — dy(90(2)))],  (1.47)

which is maximized with respect to the discriminator d, and minimized
with respect to the GAN gy. Due to directly measuring the distance of
samples in the image space, the visual quality of samples is often superior
when compared to likelihood-based models [174]. However, the training of a
GAN can be unstable and suffer from mode collapse. There exist different
variations, for example, the Wasserstein GAN [13, 79|, which propose
different loss functions to enable more stable training.
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1.4 Application to Inverse Problems

Deep learning offers immense opportunities to modify the model-based
approach to inverse problems with novel data-driven techniques. The usage
of available data can help to include prior knowledge in the reconstruction
process, for example by adapting a reconstruction method to perform better
on a specific image manifold [3] or learning to correct errors of the forward
operator [129]. Data-driven techniques have already been explored prior to
the advent of deep learning. Early examples include dictionary learning [203],
basis-constrained reconstruction [207] or the estimation of regularization
parameters based on available data [198]. However, due to new developments
in hardware and the collection of large datasets, these data-based methods
can now be implemented on a larger scale.

In recent years a plethora of deep learning methods have been proposed
to tackle various inverse problems. Two main characteristics can be identified
in which these methods differ: 1) what kind of data is used for training and 2)
how much knowledge about the physical system is included. Ongie et al. [149]
provides a comprehensive taxonomy categorizing different approaches by
these two categories. For example supervised methods vs. unsupervised,
postprocessing vs. learned-iterative, or generative vs. functional analytic
methods. There exist many good reviews covering different methods, see for
example [16, 133, 149, 176].

The theoretical foundation of many of these data-driven models is still
lacking, compared to classical regularization. There has been a push to
combine data-driven techniques with classical methods to provide some
theoretical guarantees, see for example the recent review [143].

In this introduction, we cover different concepts, which are important
in the scope of this thesis. These include learned reconstructors, learned
regularizers, posterior estimation, and untrained models.

1.4.1 Learned Reconstruction

Training a parametrized reconstruction method in the supervised framework
requires access to a paired dataset {(x¥,y@)}¥ = of measurements y and
corresponding ground truth images x. The goal is to find parameters 6eco
of a parametrized reconstruction operator Ry : Y — X, such that

Ry(y) ~ x. (1.48)
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The trained operator can then be used in place of more traditional
reconstruction methods. Using the paired dataset, the parameters 6 can be
recovered by ERM

N
0 = argmin » ¢ (x%, Ry(y")), (1.49)
25—
with a suitable loss function ¢ : X x X — Rso. After this initial training
phase, the reconstructions are obtained as X = R (y). The learning approach
crucially depends on the parametrization of the reconstructor Ry. In some
works the full mapping from the measurements to the image is implemented
as a neural network, for example, AUTOMAP [217] or iRadon [86], both
for CT reconstruction. However, these approaches often require a larger
dataset to achieve similar quality to other learned reconstruction approaches,
see the empirical comparison in [19]. Further, these approaches require
specialized architectures to parametrize the mapping as the measurement
space ) and the image space X" often have a different topology. For example
in CT, the measurements are line integrals and X is defined as the space
of discrete images. Typically more successful are learned reconstructors,
which incorporate knowledge about the inverse problem directly into the
architecture. These methods can be classified into postprocessing (two-step)
methods [149, 179] and learned iterative methods [3, 78, 159).

Postprocessing methods parametrize the reconstructor as Ry = Ry o Af,
where AT : )Y — X is some initial (classical) reconstruction method
and Ry : X — X is a neural network only acting upon the image space X.
In this two-step process, the network Ry learns to remove noise and artifacts
from the provided initial reconstruction. From another point of view, the
postprocessing approach can be understood as a type of data preprocessing.
Instead of training a model on a supervised dataset {(x®,y@)}Y  the
measurements are replaced with initial reconstructions X = Afy®. This
defines a new supervised dataset {(x@ x@)}N which can be directly used
to train the network Ry. As the postprocessing network R, only acts on
images, the architecture can be efficiently implemented as a CNN.

For learned iterative methods, an iterative reconstruction algorithm is
unrolled for a fixed number of steps, and some components are exchanged
with trainable neural networks. As an example, assume we have the
variational regularization objective from Eq. (1.3) with a convex regularizer.
The reconstruction can be obtained by gradient descent

X" = x" — A (A*(AX" —y) — aV,S(x")). (1.50)
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Instead of using this additive update for the current iterate, the update rule
can be learned using a neural network fp, : X X X x X — X, i.e,,

XMt = f, (xF, A*(AXF —y), V.S(x")), k=0,...,K — 1. (1.51)

This unrolled iterative process defines a parametrized reconstruction
operator Ry(y) := xX, which directly incorporates the forward, adjoint, and
gradients of the operator into the network architecture. Note that the learned
network fp, acts only on images, similar to the postprocessing network,
and similar CNN architectures can be used. The technique of wunrolling
an iterative scheme was popularized by LISTA [78], a learned unrolled
version of ISTA [69] for sparse coding. This research has led to a variety of
learned iterative networks inspired by different classical iterative methods,
for example, learned gradient descent [3], learned primal-dual [4] or the
deep AADM-Net [195|. However, even though these networks are inspired
by existing algorithms, all convergence properties of the original iterative
algorithm are lost during the unrolling and learning process. Recently, a lot
of research focused on incorporating guarantees into these learned iterative
algorithms by introducing some constraints in the architecture, see for
example, [85], but the empirical performance is still worse compared to the
unconstrained counterparts.

The computational effort of learned reconstructors is quite different
from the classical variational regularization framework. For the learned
reconstructors, the main computational effort is spent for the initial training
phase (see Eqn. (1.49)), which can take multiple days to weeks (see for
example the training times in [121]), whereas the evaluation of the final
model is fast, usually one a few milliseconds [149]. This is especially the case
for reconstructors constructed using CNNs, which are fast to evaluate due to
hardware accelerations on GPUs.

1.4.2 Learned Regularizers

The choice of the regularizer in the variational regularization framework is an
important aspect and can drastically affect the performance. The prior can
be hand-crafted to promote desired features in the reconstructed image, such
as sparsity of edges [172]| or smoothness. However, modeling the higher-order
statistics or assumption of natural images by hand can become increasingly
difficult. Therefore, quite early, frameworks for learning the regularizer from
data have been developed, see [218] as an example for natural images. This
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means, that the variational regularization objective changes to

Ro(ys) = argmin | Ax - ysllx + So(x), (1.52)
pdS

where §p : X — R>¢ is a parametrized regularizer with parameters 6 that
should be learned from data. There exist different methods of obtaining
suitable parameters 6.

Bilevel Optimization The parameters 6 can be learned in a supervised
framework, see for example [16, 50, 80|. Assume, we have a paired
dataset {(x®, y@)}Y, . In the bilevel optimization approach, we choose 0
as the minimizer of

N
0 € argmin ) _ [ Ro(y") — x|,
)L (1.53)

where Ry(y) = argmin [|Ax — y||35 + Sp(x).
XEX

Bilevel optimization can be computationally expensive, as for most iterative
methods the lower-level optimization problem has to be solved for every
iteration [36]. Other approaches based on constrained optimization typically
do not scale to large datasets [80].

Plug-and-Play Unsupervised regularizers are usually more flexible, in the
sense that the same learned regularizer can be applied for several different
inverse problems, as long as the underlying image distribution does not
change [61]. An example here is the Plug-and-Play (PnP) framework. For
convex (not necessarily differentiable) regularizers S : X — R, we can
solve the variational problem in Eqn. (1.3) using proximal algorithms [152].
Proximal gradient descent is given by

X" = proxy,s(x" — AA*(AXF —y)), (1.54)
where \*¥ > 0 is the step size and the proximal mapping is defined by

1
ProXyk,s(x) = argmin §HX — 5+ MaS(u). (1.55)

Evaluating the proximal mapping can be seen as a denoising task with
regularizer S. In PnP algorithms, the proximal mapping is replaced with
some off-the-shelf denoiser D : X — X [208|. Here, both classical denoisers,
such as BM3D [47], or deep denoisers [134], based on neural networks, have
been employed. In order to train a deep denoiser Dy : X — X', parameterized
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by 0, we need a dataset of clean images {(x")}¥, and train the denoiser by

N
1 i 02
min El Eono.n[l|De(x® + oz) — xD|2], (1.56)

where ¢ is a noise level chosen prior. After training, the trained denoiser can
be integrated into the PnP algorithm

P = Dy(x* — NFA*(AX" —y)). (1.57)

The PnP framework has been extended to other proximal algorithms, for
example to proximal ADMM [70].

Generative Regularizers In the statistical framework, see Section 1.1.2,
the variational regularization framework can be interpreted as MAP
estimation. In this formulation, the regularizer S(x) = —logm(x) is given
by the negative log-likelihood of the prior. Learning a regularizer thus
is equivalent to learning the prior. Here, any of the probabilistic models
from Section 1.3 can be employed. For likelihood-based models, such as
the normalizing flow, we can directly use the negative log-likelihood as a
regularizer. Generative regularization, in particular with normalizing flows,
will be extensively discussed in Section 2.3.2. For likelihood-free models, such
as the GAN, the distance to the data manifold can be used as a regularizer,
see for example the recent overview article [61].

Adversarial Regularizers The regularizer S in variational regularization,
see Eqn. (1.3), takes on small values for desirable solutions and large values
for undesirable solutions'. Notably, two learning frameworks make use of this
intuition and train a regularizer using a dataset of desirable and undesirable
solutions: quotient minimization [29] and the adversarial regularizer [128].
The adversarial regularizer has an extension for learning convex regularizers
with proven convergence properties [142].

1.4.3 Learning the Posterior

Access to the posterior enables uncertainty estimation for statistical inverse
problems. Further, it allows for exploring different estimators, for example,
the MAP or conditional mean, as discussed in Section 1.1.2. In the Bayesian
framework, we can decompose the posterior into likelihood and prior. In the

!Note that the regularizer actually also distinguishes between solutions with the same
function value, see the example in Section 3 of [28].

32



1.4 Application to Inverse Problems

previous section, we assumed that the likelihood is known, i.e., we have access
to the forward operator and the noise model. Under this assumption, only the
prior is unknown and has to be learned from data. However, if the forward
operator is unknown or if we are unsure about the specific noise model,
this approach cannot be used. In this case, we have the option to estimate
the full posterior given a supervised dataset {(x®,y®)}¥ = of images and
corresponding measurements. In contrast to learning the prior, this approach
is adapted to a specific forward operator and measurement setup. All
modern deep generative models, discussed in Section 1.3, have extensions for
conditional density estimation. There are conditional GANs [137], conditional
VAEs [109], conditional diffusion models [24] and conditional normalizing
flows [214]. In particular conditional normalizing flows and their applications
to inverse problems will be discussed in Chapter 2.

1.4.4 Untrained Models

Training a neural network, whether for reconstruction, as a prior or to
estimate the posterior, requires a large amount of training data. However,
in many domains, especially in medical imaging, obtaining a large dataset
can be challenging or costly. In these sparse data settings another class
of deep learning models can be applied, categorized for example by
Dimakis as wuntrained generative models [56]. Notably, the Deep Image
Prior (DIP) [204] offers a promising alternative. DIP has been successfully
applied to various image-to-image tasks such as denoising, deblurring, and
in-painting [204]. Tt has also shown promising results in medical imaging,
including PET reconstruction [183] and CT reconstruction [19].

In the DIP framework a convolutional neural network f(6,z) is initialized
with random weights 6. The reconstruction x = f(é,z) is obtained by
optimizing the weights of the network to fit the measurements, i.e.,

0 € argmin || A f(0,z) — y°| 2 (1.58)
0cO

for a random, but fixed, input z. The intuition behind the DIP is that the
convolutional architecture acts as a regularizer and is a good representation
of natural images [56, 88, 205]. The DIP objective in Eqn. (1.58)
defines a challenging optimization problem as it is both non-convex and
over-parameterized, as the number of network weights is usually larger than
the number of image pixels. Van Veel et al. [205] demonstrated that a
simple over-parameterized two-layer neural network with ReLU activations
can recover a reconstruction f(@,z) fitting the measurements with zero
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loss, highlighting the need for regularization, else we would fit the noise
in y°. Usually this regularization is implemented as an early stopping of the
optimization [56, 204|. The DIP generally has two drawbacks. First, it is hard
to define an early stopping rule based surerly on the noise measurements y°.
Secondly, the DIP has to be retraining for each measurement y°, resulting in
a high computational effort.

Instead of early stopping, a regularizer can be integrated into the DIP
objective. Baguer et al. [19] propose an additional regularizer Sy : R™ — R
in image space

min [A[(0,2) — y°[3 + aSx(f(0.2)), (1.59)

which is applied to the output of the network. Van Veen et al. [205] directly
include a regularizer Sg : © — R for the weights of the network

min |Af(6.2) ~ y°|} + aSo(6), (1.60)

where the specific form of the regularizer is learned from data in an initial
training stage. To speed up the training process, Barbano et al. [22] suggest
pre-training the DIP on a carefully crafted, synthetic dataset. The weights
of the DIP are then initialized with this pre-training and subsequently
fine-tuned using the DIP objective in Eqn. (1.58).

1.4.5 Challenges

Two common challenges of applying deep learning image reconstruction
techniques in real-world applications are the lack of ground truth images and
distribution shifts, i.e., the data at test time is different from the training
data.

Lack of Ground Truth Most of the methods discussed in the previous
section either rely on a paired dataset {(x),y@)}¥  or on ground truth
images {x®"}Y . However, getting access to a large dataset suitable for
training deep learning models is often a time-consuming task. In particular
in medical imaging, we do not even have access to real ground truth images.
Rather, high-quality reconstructions from low-noise measurements are used
as a proxy [99, 133|. Deep learning methods for inverse problems thus have
a chicken & egg-scenario [59] as we need to know how to solve the inverse
problem to create data needed for training the network. There are a variety
of extensions based on transfer learning and self-supervised learning to tackle
this problem. In transfer learning, the neural network is first pre-trained on
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similar, or even synthetically generated, data and only fine-tuned based on
a small dataset of available measurements [20]. Both the HDC 2021 [51]
and the HTC 2022 [72] were won by deep learning methods making use of
simulated data for training. In the self-supervised approach, one can make
use of a large dataset of measurements {y}Y and adapt the loss function.
One such choice is to use an unsupervised loss function, i.e., we train a deep
reconstructor Ry : Y — X via

N
: 1 7 % 7
min 3 |IARA) —y Ol aSRG)] e

where the first term enforces data consistency and the second term introduces
additional regularization via a functional S : X — Rso. The unsupervised
loss function in Eqn. (1.61) mimics the variational objective in Eqn. (1.3).
As the data consistency is only enforced in the measurement space ), no
information in the kernel of A can be learned [37]. Geometrical properties
of the forward operator can be exploited and integrated into the network
architecture to improve the self-supervised approach. Chen et al. [38| propose
to learn equivariant neural networks, which forces the neural network to
be equivariant with respect to rotations of the input image. In another
research direction, the supervised mean squared error loss function can be
approximated by an unsupervised proxy via Stein’s unbiased risk estimate
(SURE) [191]. The original SURE framework was proposed only for image
denoising. However, there exist extensions, i.e., GSURE, for more general
forward operators A [136]. This framework has recently been extended for
the training of deep generative models from noisy measurements only [104].

Distribution Shift Supervised end-to-end trained reconstruction methods
have demonstrated excellent performance in various image reconstruction
tasks. For instance, both the fastMRI [112] and the LoDoPabCT [121]
challenge have been won using supervised neural network approaches.
However, it has been observed that neural networks struggle to keep the
performance when faced with different types of perturbations or distribution
shifts [11]. This issue is not exclusive to image reconstruction, but has
been observed in many deep learning approaches, for example in image
classification networks [162]. Distribution shifts can generally be classified
into two categories: domain shifts, where the prior 7(x) changes, and model
shifts, where the likelihood p'd(y|x) changes. A domain shift occurs, for
example, when a network trained on CT scans of knees is applied to
measurements of brains, or when a network trained on CT scans from one
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hospital is applied to measurements from patients of another hospital [48|.
An example of a model shift would be a different scanner setup for CT,
where are different set of angles is measured. Han et al. [83] proposes to
tackle the problem of domain shift by fine-tuning the trained network on
a small dataset from the new domain in MRI reconstruction. However,
such a dataset is not always available. Darestani et al. [48] developed
a test-time-adaptation approach based on a self-supervised loss function
combined with an early stopping rule, using only the new out-of-distribution
measurement y. Let Ryp:) — X denote the pre-trained reconstruction
network, test-time-adaptation is then performed by optimizing the following
loss function

1
min - [[ ARy (y) — v (1.62)

This loss function encourages the reconstruction to be consistent with the
measured data. Similar approaches can be used to address the issue of model
shift, i.e., if the forward operator A changes during evaluation [73|. This is
of particular importance for medical imaging tasks, as each scanner setting
(number of angles, choice of angles) in CT corresponds to a different discrete
forward operator. Finally, it has been shown that distribution shifts can
drastically reduce the performance of deep generative models. In the context
of score-based diffusion models, we developed a test-time-training approach
to increase the performance on out-of-distribution data [23].
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Invertible Neural Networks

We can impose an inductive bias on the learning problem by carefully
designing the network architecture. A good inductive bias can guide and
constrain the network to produce a more realistic output. In recent years,
different frameworks constraining the network to learn a function with
specific properties, e.g., input convex neural networks [9]|, equivariant
convolutional networks [46], maximal monotone networks [156] and invertible
neural networks, which are discussed in this chapter, have been proposed.
Restricting the class of possible neural networks also helps in developing
mathematical theory. It is also a crucial part of reliable neural networks as
the model will have the same basic properties independent from the training
algorithm or dataset. In particular, enforcing invertibility for neural networks
allows us to

e learn generative models,
e construct memory-efficient neural networks,
e and learn provable regularizers for linear inverse problems.

We start with introducing normalizing flows in Section 2.1, where we cover
both finite and continuous normalizing flows. In Section 2.2, we will present
different methods to construct invertible neural networks, based on a variety
of different building blocks. Then, in Section 2.3, we will discuss how these
invertible neural networks can be applied in inverse problems. Lastly, in
Section 2.4, the link between continuous normalizing flows and score-based
diffusion models will be explored.
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2.1 Normalizing Flows

Density estimation is a challenging task in statistics. The data of interest is
often both high dimensional and highly structured, requiring powerful models
to represent this complexity. Normalizing flows are a class of probabilistic
models that define rich transformation while still being trainable. They
work by defining a learnable invertible transformation, mapping a given base
density to a target density. Invertibility is a necessary component, enabling
exact computation of the log-likelihood, and thus allowing for maximum
likelihood training.

The concept of transforming data into white noise, known as whitening
transformations [100], is a standard prepropressing step in statistics. A
technique called Gaussianization has already used this idea for density
estimation in the early 2000s [42]. The modern framework of normalizing
flows was introduced by Tabak and Turner [196], who observed that a
complex transformation can be built by composing simple maps. If all
simple maps are invertible, the composition is also invertible. With the
rise of deep learning, neural networks were proposed to parametrize these
simple maps [166]. Initially, the forward and inverse passes were parametrized
separately using two neural networks, and an auto-encoder loss was employed
to promote invertibility!. The NICE framework [57] introduced the use
of invertible neural networks to parametrize both the forward and inverse
transformation with the same network. This research sparked further work,
leading to the development of various strategies for implementing flexible
invertible neural networks, see for example the review articles [113, 151].

For this introduction, we follow the presentation of Papamakarios
et al. [151] and focus on continuous probability distributions that are
absolutely continuous with respect to the Lebesgue measure, i.e., admit a
probability density. We therefore denote both the density and the probability
distribution with that density with p(-). For a random variable z, we
write z ~ p,(z) to show that z is distributed according to p,(z) and
admits this density. Further, we work with finite-dimensional densities
and assume that the images x € X =R" are n-dimensional and the
measurements y € ) = R™ are of dimension m € N.

'Recently, this idea has received renewed interest, see [60].
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2.1.1 Finite Normalizing Flows

A normalizing flow is given by a transformation 75 : R” — R"™ that transforms
avectorz € R"

x = To(z), (2.1)

where z ~ p,(z) is sampled from a base distribution. In contrast to the latent
variable models, described in Section 1.3, both the variable z and x have the
same dimension. In the context of normalizing flows, we refer to z as base
variables and not as latent variables. A distinct characteristic of normalizing
flow is that the transformation has to be a diffeomorphism, i.e., invertible,
and both 7y and 7;_1 need to be differentiable. Under these conditions, 7Ty
is measurable and defines a distribution py = (7p)xp, via the pushforward
operator. The density can be calculated via change-of-variable

po(x) = pa(Ty ' (x))] det 1 (x)], (2:2)

where J—1 denotes the Jacobian matrix of 7, ' Using z = T, '(x) the
density can also be expressed using the Jacobian of 7y, i.e.,

po(x) = pa(2)| det 5, (2)| ", z="Ty ' (x). (2.3)
It is important to distinguish between the computational complexities
associated with sampling and calculating the likelihood. When sampling from
a flow-based model, as outlined in Eqn. (2.1), the forward mapping Ty is
necessary. Sampling is a two-step process: first, we sample z ~ p,(z) from the
base distribution and secondly, this sample gets transformed via the forward
mapping 7.

To construct normalizing flows, we can use the fact that diffeomorphisms
are composable. If both 7; : R — R” and 75 : R” — R™ are diffeomorphisms
then 7 = T, 071 : R® — R" is also a diffeomorphism. The inverse and
Jacobian determinant are given by

T =T "oT, ", detJr(z) =det J5(Ti(2)) - det Jpi(z),  (2.4)

i.e., if one knows how to invert both 77 and 7, it is trivial to invert the
composition. This allows the construction of complex transformations by
composing several simple invertible building blocks. If each building block
on its own has a tractable Jacobian determinant, the Jacobian determinant
of the full normalizing flow is also tractable. This inherent characteristic
serves as the foundational principle for building normalizing flows in practice.
Normalizing flows constructed as a composition of a finite number of building
blocks are sometimes referred to as finite normalizing flows [151]. Throughout
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this thesis, we will refer to them as normalizing flows and introduce the
term finite only when necessary for clarity. Further, the full probabilistic
model py(x) is sometimes referred to as a flow-based model.

The transformation 7y is parametrized by parameters 6 € O, where ©
is the space of admissible parameters. By adjusting the parameters of 7y,
we change the density ps(x) imposed by the flow-based model. The goal is
to find the parameters 6 such that the flow-based model approximates a
given target distribution pga.(x). To achieve this, we minimize the distance
of pg(X) 10 Paata(x) With respect to some distance in the space of probability
densities. Usually, the KL. divergence is employed to measure the distance.
Minimization of the KL divergence recovers the negative log-likelihood loss
used for fitting probabilistic models, cf. Section 1.3. The KL divergence can
be written as

Dt [Paata(¥)|[P6 (X)] = Exnpyyy, [~ 10g o (x)] + const., (2.5)

with a constant term not depending on the parameters 6. Using the expression
of the flow-based density in Eqn. (2.2) and dropping constants that are not
dependent on the parameters 6, we get the loss function

£(6) = By [~ 108 2Ty (%)) — log | det Ly (0)]] . (26)

used to fit the flow-based model. The expectation over the data
distribution pyaia(x) can be estimated with a dataset {x®}¥, of i.i.d. samples
using Monte Carlo, i.e.,
XN
LO)~~> (— log p (7, (x7)) — log| det J;.1 (x<2>)|) . (2.7)

i=1
In most applications, the base distribution is chosen as a standard Gaussian.
In this case, the loss function can be further simplified as follows

N
1 1 — i %
£00) 5 3 (T I = tog et S ) ). (28)
=1

This loss function requires evaluation of the inverse 7;_1 and the Jacobian
determinant of the inverse. Crucially, the forward pass is not used during
training and only necessary for sampling in Eqn. (2.1).

2.1.1.1 Parametrize Forward or Inverse?

As we have seen in the previous section, there are different computational
requirements for likelihood computation, necessary for training, and
sampling:
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1. Likelihood computation and training: Evaluating 7;*1 and the log-det
Jacobian

2. Sampling: Evaluating 7, and sampling from the base distribution

Flow-based models employing coupling layers (see Section 2.2.2), are
generally computationally symmetric, i.e., the computational costs for both
the forward and inverse passes are identical. However, other architectures, for
example, invertible residual networks (see Section 2.2.3) or auto-regressive
networks [93|, do not share this property. In these cases, it is of importance
if Ty or T,”! is parametrized by an invertible neural network.

Assume that we have an invertible neural network fy, which is invertible
in theory, but evaluating the inverse of the network is very expensive or even
impossible. For these types of architectures, the inverse flow, i.e., fy = ’7;_1,
can be parametrized instead. This results in the following loss function

N

. 1 ; i
mn 3 (S - osl et )) . (29

=1

for a Gaussian base distribution. Invertible models, without an analytical
inverse or an expensive computation of the inverse, can still be used
for efficient likelihood estimation. This kind of model can be used
for out-of-distribution detection [163] or to approximate posteriors in
VAEs [151].

2.1.1.2 Sampling Error

We are often interested in estimating specific moments of the target
distribution pgata(x). In particular, in statistical inverse problems, the
conditional mean or pointwise conditional variance is of interest. We can
apply the trained flow-based model py = (Ty)xp, as a surrogate to estimate
specific moments g(x)

(1)
Eotcpanea (019 (X)) = By () [9(%)]

@ 1 « | | (2.10)
=E,p,(2)[9(To(2))] = N Zg(%(z(l))) 7z ~ p,,
=1

where we take advantage of the fact that sampling from the base
distribution p,(z) is usually cheap. The error in the Monte Carlo
approximation (2) depends on the number of samples N and can thus
be reduced by drawing more samples from the base distribution and
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transforming them with the normalizing flow. The approximation (1) can
be bounded using the KL divergence, i.e.,

Epania 9 (%)) = Epy [g ()] < C(pdata,pe)\/DKL(pdataH(%)#pz% (2.11)

with C(pata: p0) = v/2([Eppue 90N + By [9GT?) [132]. This inequality
tells us, that the approximation error is bounded by the KL divergence, which

is exactly the quantity that is minimized during training.

2.1.1.3 Instability

Behrmann et al. [26] showed that stability issues can arise in flow-based
models when applied to real-world datasets. Typically, these models
employ a standard Gaussian as the base distribution. When dealing with
multi-modal distributions that exhibit low-density regions between modes,
a high Lipschitz constant is necessary to map the standard Gaussian
to separate modes in the target distribution. As an example, Hagemann
et al. [82] showed that for a standard Gaussian base distribution and
a target x ~ 1/2N(1,0%) + 1/2N(—1,0?) the Lipschitz constant Lip(7p)
explodes? as 02 — 0, i.e., as the density between the modes decreases. The
authors further show that using a multi-modal base distribution can help
alleviate these stability issues. As during training only the inverse 7, ' is
needed, the exploding Lipschitz constant for 75 can go unnoticed.

2.1.2 Conditional Normalizing Flows

Normalizing flows allow us to model densities as transformations of a
simple base density p,(z). In inverse problems, we are often interested in
modeling the posterior pP*(x|y), i.e., the conditional density of the image x
given measurements y. Modeling conditional densities can be achieved with
conditional normalizing flows [12, 214]. A conditional normalizing flow is
defined by a transformation 7, : R” x R™ — R" that takes y € R™ as an
additional input to transform a base variable z

X = %(Zvy)a (212)

where z ~ p,(z) is sampled from a pre-specified base distribution. If, for every

fixed y € R™, the forward mapping Ty(-,y) : R® — R" is a diffeomorphism,

we can define the pushforward p;('y = (To(-,¥))#p. and calculate the density

2The term ezploding inverse is used by Behrmann et al. [26] to refer to the unstable
inverse due to a high Lipschitz constant, see also Figure 1 in [26].
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via change-of-variables
2y (xly) = pa(T5 ' (x, )| det s (xy)l, (2.13)

where JT 1 denotes the Jacobian matrix of 7, '(-,y) given a fixed input y.
Put dlfferently, the transformation Ty(-,y) defines a family of normalizing
flows.

The process of training a conditional normalizing flow is similar to the
training of normalizing flows. The goal is to fit the flow parameters 6 such
that the conditional density pi” (x|y) defined by the conditional flow-based
model approaches a given posterior pP*'(x|y). Here, we can minimize the
expected KL divergence over measurements y ~ p(y). This results in the
loss function

argiuin Lone(0) = argmin Ey-.p(y) [Drce [P (x[y) [Py (x[y)]] (2.14)
€ S

= argmin Ex y)p(xy) [— l0g p?‘y (x[y)]
0cO

= aregrgin E (x,y)~p(x,y) [— log p, (T, ' (x,y)) — log | det Jr-1(x; y)]] :
S

where we used the change-of-variable formula and dropped all constants

independent of # in the last step and set p(x,y) = pP* (x|y)py (y)-

The conditional transformation 7y is modeled as a neural network with
two inputs. In many medical imaging applications, the structure of the
measurements y can be highly complicated. For example, in computed
tomography, the measurements represent line integrals taken from various
angles. Constructing a neural network to directly handle such inputs is very
challenging and highly problem depending. To address this problem and
simplify the network construction, the measurements are often preprocessed
using the adjoint A* : R™ — R" or a similar method to project
the measurements into the image domain [52, 53] or [150]. For linear
inverse problems with additive Gaussian noise, it can be shown that the
posterior pP(x|y) = pP**(x|A*y) remains the same if adjoint data A*y is
used as an input (see [6, Proposition 1| or [150]). Furthermore, this adjoint
preprocessing provides a physics-informed way of obtaining standardized
data. The dimensionality of computed tomography measurements depends
on the number of measured angles and the number of detector pixels, which
means that the conditional flow-based model must be able to work with data
of different shapes. On the other hand, the adjoint data A*y always has the
same dimensionality, regardless of the measurement setup. In particular, this
allows implementations based on convolutional layers.
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Chapter 2 Invertible Neural Networks

2.1.3 Continuous Normalizing Flows

Finite normalizing flows are constructed as a composition of a fixed number
of simple transformations. To achieve a high level of expressiveness, a large
number of simple transformations is needed, resulting in very deep neural
networks. Instead, Chen et al. [40] observed that the normalizing flow can be
modeled in continuous time by defining the transformation as the solution of
an ordinary differential equation (ODE)

dz(t)

dt

where fy : R® xR — R"” is implemented as a time-dependent neural network.
ODEs of this type, where the dynamics are governed by a neural network,
are referred to as neural ODFEs and are studied in many areas of physical,
financial, or time series modeling (see the overview [105]). Similar to finite

= fo(z(t),t) te€]0,T], (2.15)

normalizing flow, we define a density for each intermediate z(t) by imposing a
base distribution for z(0) ~ p,(z(0)) at t = 0. All intermediate densities can
be evaluated using a continuous variation of change-of-variables. We denote
the time-dependent density with py : [0,7] x R" — Rsq and the likelihood
is given by

QoL 20) 1y [y (0] 2.16)
which is equivalent to the Fokker-Planck equation with a deterministic
dynamic and random initial conditions [77, 105]. For continuous
change-of-variables, we require that fy is continuous in ¢ and uniformly
Lipschitz continuous in z [151]. Importantly, no invertibility is required.
However, continuous normalizing flows often have a higher computational
cost compared to their finite counterparts. Instead of one pass through the
network, the dynamical system in Eqn. (2.16) has to be solved from ¢ = 0
to t =T to draw one sample. Further, evaluating the trace of the Jacobian
is computationally expensive, in particular in high-dimensional settings. To
alleviate the computational cost, either the Hutchinson trace estimator [94]
(cf. Section 2.2.3) or special neural network architectures [39] are employed.

Continuous normalizing flows can be trained using the maximum
likelihood objective. This requires the evaluation of the log-likelihood of a
data sample x at t = T". Using Eqn. (2.16), the log-likelihood is given by

MMWQZMm@ﬂWiLﬁUMMWNW (2.17)

with log pe(0,2z(0)) = logp.(z(0)) as the base distribution and z(0) as the
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2.1 Normalizing Flows

solution to the initial value problem
dz(t)
dt
running backwards in time from ¢ = 7" to ¢ = 0. This initial value problem
and the evaluation of the integral on the RHS in Eqn. (2.17) can be written
compactly as one system of ODEs. Evaluating the likelihood thus requires
one call to an ODE solver. Training the network with the maximum likelihood
objective demands to backpropagate through the ODE to collect all necessary
gradients. There are generally three ways to accomplish this [105].

= fo(z(t),t) z(T)=x, te]|T,0], (2.18)

Full discretization The initial value problem is fully discretized and the
gradients are computed with respect to the discretized ODE, i.e., using
Euler’s method

2-9 — 20 _ ¢ (2. ¢), (2.19)

with a small step size € > 0. For a step size e < 1/L with L being the Lipschitz
constant of fy(-, ), this resembles the architecture used in invertible residual
networks (see Section 2.2.3) [151]. For the gradient computation, we can
make use of automatic differentiation and the backpropagation algorithm.
However, this full discretization approach is typically memory intensive as
each intermediate z*~9, and all network activations, have to be kept in
memory to compute the gradients. The memory cost can be alleviated by
using time reversible ODE solver, e.g., the reversible Heun method or the
asynchronous leapfrog method [105].

Adjoint ODE Chen et al. [40] define an adjoint ODE, which has to be
solved to recover the gradients. In optimal control theory this is known as the
adjoint sensitivity method [157|. This approach has a higher computational
cost as two ODEs, i.e., Eqn. (2.18) from ¢ = T to t = 0 and the adjoint ODE
from t = 0 to t = T, have to be solved for each optimization step. However,
the memory cost is lower than for the full discretization approach.

Flow Matching Recently, Lipman et al. [124] proposed a training
objective called flow matching inspired by the denoising score matching used
for score-based diffusion models [189]. Flow matching is a simulation-free
framework and does not require any calls to an ODE solver during
training. This is a promising new direction, which allows to train continuous
normalizing flows at a larger scale.
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Inverse Computing t.he
log-det Jacobian

Linear Flow
Inv. Matrix matrix inversion, O(n3) full determinant, O(n?)
QR Flow fwd/bwd substitution, O(n?) sum over diagonal
PLU Flow fwd/bwd substitution, O(n?) sum over diagonal
Permutation transpose constant
Residual Flow
Contractive fixed-point iteration stochastic approximation
Matrix-Det-Lemma no analytical formulation O(M3 +nM?)!
Coupling Flow
Additive analytical inverse constant
Affine analytical inverse sum over diagonal
Other Blocks
ActNorm analytical inverse sum over channels
Down /Upsampling analytical inverse constant

L' M € N, M < n is the bottleneck dimension of the layer

Table 2.1: Comparison of the different invertible components discussed in
Section 2.2 with respect to the computation of the inverse pass and the
log-det of the Jacobian. The dimensionality of the data is n € N.

2.2 Construction of Invertible Networks

Normalizing flows require invertible neural networks to facilitate likelihood
computation and training. As invertible transformations are composable, we
can build an expressive invertible network by stacking invertible layers on
top of each other. The full inverse can then be computed by inverting one
layer at a time. In this section, we will discuss several invertible components
used for normalizing flows. An overview of invertible components discussed
in this section is provided in Table 2.1. The focus of this section lies on
architectures used in imaging applications, in particular for imaging inverse
problems. As a result, autoregressive flows [110] are not covered. Here, we
refer to the review [151].
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2.2 Construction of Invertible Networks

2.2.1 Linear Flow Layers

Many invertible networks employ invertible linear layers in the architecture,
e.g., for a generalization of a permutation [107], as a scaling layer [57]
or to build orthogonal convolutions [67]. A linear flow is defined by a
transformation

z°% = Wz'"| (2.20)

with an invertible matrix W € R™" and z" 2z € R" The
determinant of the Jacobian is given by the determinant of the matrix,
i.e., det Jr(z") = det(W). However, learning an invertible matrix is a hard
problem, as no continuous surjective parametrization of invertible matrices
exists [151]. Further, in general, inverting a linear layer is expensive as
the linear system z°' = Wz™ has to be solved for each inverse pass.
To address these challenges, most authors resort to structured invertible
matrices, which allow for efficient invertibility and a simple calculation of
the determinant. As a first example, triangular matrices with non-negative
diagonal entries are employed as scaling layers [57|. Triangular matrices
have the advantage of a trivial determinant and the inverse has a similar
computational complexity (using forward /backward substitution) as matrix
multiplication. Other approaches are based on matrix factorization [151],
i.e., using a PLU [148] or QR decomposition [92]. For the PLU approach, we
set W = PLU with a permutation matrix P and a lower and upper triangular
matrix L and U, respectively. Generally, only L and U are learned, while the
permutation matrix P is drawn randomly and then fixed [148].

The QR flow requires a parametrization of orthogonal matrices. Similar
to invertible matrices, there is no general representation. An orthogonal
matrix either has a determinant of 1 or —1, i.e., there exist two
separate islands of orthogonal matrices. Common parametrizations include
the exponential, Q = exp(B), or Caley map, Q= (I+B)(I-B)™},
for a skew-symmetric matrix B [74]. A skew-symmetric matrix can
be parametrized as B=B-B for any B € R™". However, both
transformations have a computational complexity of O(n?) and thus do not
scale to high dimensions. To alleviate this problem, Tomczak et al. [202]
use the householder transformation. The matrix Q is given by a product
of K € N householder matrices

K (K) (v )T
_ (k) ) _p_ ¥ (V)
Q EH . H I V@ (2.21)
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where v(%) is a vector with non-zero entries. Note that this decomposition is
not unique, e.g., any permutation of the vectors v(*) results in the same
matrix Q. This can result in difficulties during optimization [151]. The
application of orthogonal matrices in flows is of interest due to the simple
inverse, i.e., Q7! = Q7 and the trivial determinant. In particular, orthogonal
layers are often used as learnable generalizations of permutations.

Application to Images Matrix factorization approaches are generally not
efficient when dealing with image data, i.e., in cases where W is a convolution
matrix. While the forward pass is fast, calculating the inverse or determinant
requires a high computational effort. The Glow framework [107] introduces
invertible 1 x 1 convolutions, which reduce to linear transformations applied
across channels, see also Eqn. (1.30). For an input image of size h X w with ¢
channels, the matrix W is only of size ¢ X ¢ and does not depend on the
spatial size of the image. As the number of channels is usually smaller than
the spatial dimension A X w, any of the matrix decomposition techniques can
be employed to parameterize W. This approach has further been extended for
general convolutional layers in a framework called emerging convolutions [92].

2.2.2 Coupling Layers

Coupling layers are analytically invertible and computationally symmetric,
i.e., evaluation of the forward or inverse pass share the same
complexity [57, 58|. This property is particularly useful for the design of
normalizing flows, as we do not have to balance sampling and training speed.
The invertibility is enforced by splitting the input into two parts, commonly
the input is split evenly. The first part is left unchanged, while the second
part is transformed based on the first part. Let z = [z, z5] € R™ be the input
into a coupling layer, such that z is split into z; € R? and z, € R" . The
output of a coupling layer is given by

out __ _in
Z, =17

25" = G(zy', m(2)")),

where G : R"% x V — R" % is an invertible coupling law with respect to
the first argument. The transformation m : R? — V has no constraints.
In particular, it does not need to be invertible and can be implemented as
an arbitrary neural network. Two main types of coupling laws have been
studied in the literature: additive couplings [57] and affine couplings [58]. For
an additive coupling layer, we have V = R"~% and the forward and inverse

(2.22)
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pass are given by

chjut — Ziln Ziln — chjut
. . . 2.2
Zgut — ZlQn + m(zlln> <~ Z12n — Z(Q)ut _ TTL(Z(l)Ut>. ( 3)

Additive coupling layers are volume preserving, i.e., have a unit Jacobian
determinant. This hinders the expressivity of additive coupling layers and
they are often used in combination with scaling layers, i.e., an diagonal
matrix W € R™ ™ with non-zero diagonal entries [57]. A more expressive
coupling is given by the affine coupling law. Here, we set the codomain
as V = R4 x R" < with m(z) = [s(z),t(z)], where s(-) represents a
scaling and #(-) a translation. The forward pass is given by

Z =2y 2.24
2 — 8 @ exp(s(z)) + HzP), (224
with an analytical inverse pass
Ziln — Z(I)ut
. 2.25
2y = exp(—s(z)) © (23" — t(z")) (229
Let z°" = T (z™) denote the forward pass of the coupling layer. The Jacobian
, I, 0,4
J’T(Zln> - dzgut dzgut (226)
Filn dzi2rl

is a block diagonal matrix and the Jacobian determinant can be computed
by only considering the lower right block, i.e.,

out

det Jr(z™) = det 425 = det Jy,. (2.27)

dzy'
Both the additive and affine coupling law are designed such that the
Jacobian J7(z™) is a lower triangular matrix. In particular, for the additive
coupling law .J,, is the identity and thus offers an efficient determinant. For
the affine coupling law, the Jacobian determinant can be computed as

out
dz$

in
dzs

n—d

= det diag (exp(s(z}"))) = H exp(s(z});), (2.28)

=1

det

which does not require any additional computation as s(zi") is already
computed in the forward pass of the coupling layer. Both coupling laws result
in a very sparse Jacobian with only a dense lower left block.

The first input z'* to a coupling layer is always unchanged. This requires
that after each coupling layer some permutation of the entries in z°* has to
be performed [57|. Further, due to the sparsity of the Jacobian coupling-based
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models require a large number of blocks, for example Glow has 96 coupling
blocks [107], to build expressive transformations, which slows down training.
The HINT [115] framework defines a recursive coupling block by repeatedly
splitting the subsets and defining sub-couplings for each split, to enable
expressive transformations with a smaller number of coupling blocks.

2.2.2.1 Application to Images

Many successful normalizing flow architectures for images are based on
coupling layers, see [12, 58, 107] or [52]. In imaging applications the input
to the coupling layer z™ is an image with spatial dimensions h X w and ¢
channels. The RealNVP framework [58], which popularized the use of
coupling layers for normalizing flows, proposed two types of splitting the
input image. For the first type, the input z™ is split across the channels to
produce zi" and z with ¢; and ¢, (with ¢; + ¢ = ¢) channels, respectively.
The second splitting type is based on a checkerboard pattern, similar to
the checkerboard downsampling to be discussed in Section 2.2.4. However,
this second splitting was not used in later architectures, see for example
Glow [107]. Further, the transformation m(-), i.e., s(-) and ¢(-) for affine
coupling, are implemented as CNNs. Figure 2.1 is a schematic description of
the additive coupling layer with channel splitting.

z (1>ut

hXwXc/2 hXwxc/2
Zin T m j zout

N
=
A\ 4

zy >N 5 Z31
>0 >
hxwxec hxwxe
hxwXxc/2 hxwxc/2
1 | | I I
| | |
Split Channels Additive Coupling Concatenate Channels

Figure 2.1: Schematic description of the additive coupling block for images.
Here, we assume that the number of channels is even. In the first step, the
input image z™" is split across channels into z" and z'. This serves as the
input to the additive coupling block. The output is then again concatenate
on the channels.
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2.2 Construction of Invertible Networks

2.2.2.2 Conditional Coupling Layers

To introduce conditional variables y € R™ to the coupling layer, we can
extend the sub-network m : R™ x R™ — V with an additional input. A
conditional coupling block is then defined by

out __ _in
Z, =17

23" = G(zy',m(z1',y)),
with the same properties as the unconditional coupling layer in Eqn. (2.22),
i.e., analytical inverse and block diagonal Jacobian. As discussed in
Section 2.1.2, in many applications the measurements y are not directly used
as an input to the flow model, but rather some preprocessed inputs h(y), for
example, adjoint data with A(y) = A*y [150].

These conditional coupling layers resemble Feistel networks used in
cryptography [135]. In this context z is the text to encrypt and y is the
key. Feistel networks have an important advantage that they are trivially
invertible, i.e. the key y is known, but the forward pass, i.e. the encryption,
can be made as complicated as possible, as the transformation m does not
have to be invertible.

(2.29)

2.2.3 Invertible Residual Layers

Another way of enforcing invertibility is by combining residual layers [87]
with Lipschitz constraints to create invertible residual layers |25, 41|. These
layers are of the form

7™ = G(z") = 2" + fo(z"), (2.30)
with Lip(fy) = L < 1. Invertible residual layers do not have to rely on
dimension splitting, thus all dimensions can influence each other. Further,

by the Lipschitz constraint, we get stability estimates for both the forward
and inverse pass

1
Lip(G) <1+ L, Lip(G™) < T (2.31)
However, instead of having an explicit inverse, the inverse has to be computed
via a fixed-point iteration for each inverse pass. We can recover z" as the

limit of
g (1) _ jout _ fe(z(k)) k=0,1,2,..., (2.32)

which converges for every z(®) € R". Behrmann et al. [25] propose to initialize
the fixed point iteration with z(© = zout,
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2.2.3.1 Enforcing the Lipschitz constraint

To ensure invertibility, the residual function fy has to satisfy the Lipschitz
constraint. The task of constraining the Lipschitz constant of a neural
network has been explored in the broader domain of deep learning. In
CLIP [34] an additional penalty term is added to the loss function during
training, penalizing high Lipschitz constants. Similar penalties are also
employed in the adversarial regularizer [128] or in Wasserstein GANs [79]
to learn 1-Lipschitz functions. However, these penalty approaches do not
guarantee that the Lipschitz constraint is fulfilled. Behrmann et al. |25]
use simple feed-forward networks, i.e., fo(x) = W3p2(Wap(W;1x)), with
contractive non-linearities ¢, ¢o to parametrize the residual network. For
networks structured in this manner, the Lipschitz constant can be estimated
as the product of the weight matrices

Lip(fo) < [[W3]l2|[Wa|l2][W1]2. (2.33)

By enforcing ||[W;||2 < 1 for each layer, one can guarantee invertibility.
Behrmann et al. [25] estimate the norm after each training step and
renormalize the weights if necessary. Arndt et al. [14] extend this approach
to directly parameterize the weight matrices so that they consistently satisfy
this constraint.

In imaging applications, the residual network fy is usually implemented
as a shallow CNN |25, 41]. The Lipschitz constraint is enforced for each layer
by estimating the spectral norm using a power-iteration [138].

2.2.3.2 Jacobian determinant

There is no known efficient algorithm to compute the exact Jacobian
determinant of an invertible residual layer. Explicitly constructing the
full Jacobian, using automatic differentiation, and then computing the
determinant is computationally infeasible for high dimensional data.
Behrmann et al. |25] write the Jacobian determinant as a power series

X 1\k+1
log | det Jg(z)| = log | det(I+ Jy,(2))] = Z %Tr (J}“e(z)) , (2.34)

where the trace of the Jacobian can be estimated using the Hutchinson trace
estimator [94]

Tr (J},(2)) = v' J} (z)v, (2.35)
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where v is a random vector with zero mean and unit covariance, typically
chosen as a standard Gaussian or Rademacher distribution. The power series
is approximated by only evaluating terms up to K € N to obtain the estimate
D
log | det Jo(z)| ~ Z vk i (2)ve, Vi~ po(V), (2.36)
k=1
where the Jacobian-vector product can be computed using automatic
differentiation functionalities, without the need to construct the full
Jacobian [153|. The fixed truncation of the power series results in a biased
estimator, which can hinder maximum likelihood training. By using a
so-called Russian roulette estimator, i.e., letting the truncation be random
and re-weighting the terms, the estimator can be made unbiased [41]. Similar
techniques can be used to directly approximate the gradient with respect to
the parameters 0 of the Jacobian determinant [41].

2.2.3.3 Matrix Determinant Lemma

Another way of reducing the computational complexity of the Jacobian
determinant is through the use of the matrix determinant lemma [151]. The
matrix determinant lemma

det(L, + VW) = det (I + W'V), (2.37)

with V,W € R™M and M << n [151], only requires to compute the
determinant of a smaller M x M matrix. Thus, for transformations of the
form

7% = 72" + Vo (W'z" + b), (2.38)

the computational complexity for evaluating the Jacobian determinant can
be greatly reduced if M is chosen small. A variety of methods, e.g., planar
flows [164], Sylvester flows |30] and radial flows [196], rely on this property.
To ensure invertibility, techniques from linear flow layers (see Section 2.2.1)
can be employed. Note, that while these layers are invertible, the inverse
cannot be given analytically. Flow models based on the matrix determinant
lemma commonly parameterize the inverse 7;_1, allowing for a fast training
and likelihood computation.
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2.2.3.4 Conditional Residual Layers

We can implement conditional residual layers by introducing an additional
input y to the residual function, i.e.

2" = G(2™) = 2"+ fo(z",y). (2.39)

To ensure invertibility, the Lipschitz constant of the residual layer has to be
less than one for all possible conditional inputs, i.e., Lip(fy(-,y)) < 1 for
all y e R™.

2.2.4 Invertible Up- and Downsampling

Down- and upsampling operations are an important part of CNNs and are
extensively used in many architectures, for example, the U-Net [168]. Thus,
one wants to adopt these concepts for invertible architectures. However, by
itself down- and upsampling is not invertible. However, there are invertible
extensions. All of them have in common, that the total number of dimensions,
i.e., the product of spatial dimensions and channels, has to be kept constant.
In most practical applications, the spatial dimension is reduced by a factor
of 2, and the channel dimension is increased by a factor of 4 for invertible
downsampling operations. There are three main methods, which are currently
in use by invertible architectures. Dinh et al. [58| propose a fixed pixel shuffle
in a checkerboard pattern. However, this can result in artifacts in the final
image, as values from different channels are mixed. Ardizzone et al. [12]
propose to use an orthogonal convolution, based on haar-wavelets. This idea
is generalized by Etmann et al. [67] to learnable down- and upsampling
operations. Here, they make use of the Caley map to parametrize orthogonal
matrices, as discussed in Section 2.2.1 for linear flow layers. As the resulting
convolution is orthogonal, the inverse is given by the transposed convolution
and the log-determinant of the Jacobian is constant.

2.2.5 Normalization

Normalization is often used to accelerate and stabilize the training of
deep neural networks [75]. Most normalization techniques, like batch
normalization [96], are trivial to invert. Batch normalization can be expressed
as a linear layer

govt = Ze _He .1 (2.40)
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where the batch statistics, i.e., the mean ji, and variance 2, are calculated
for each channel ¢ and € > 0 is a small numerical constant. The Jacobian
determinant is given by

c

[+~ (2.41)

c=1
This form of Batch normalization was successfully employed in the RealNVP
framework |[58]. However, due to memory constraints normalizing flows
are often trained with small batches, which can lead to an inaccurate
estimate of the batch statistics. To address this problem ActNorm [107] was
proposed. Instead of tracking the batch statistics ji, and &2 during training,
they are initialized using the first mini-batch and then treated as regular
trainable parameters. By integrating ActNorm layers into the architecture,
the intermediate outputs have a mean of zero and a standard deviation of
one at the start of training.

2.2.6 Multi-scale Architecture

Multi-scale image representation is a powerful concept in image processing
that involves representing the image at different scales or levels of detail.
It is widely used in image pyramids [2], scale-space theory [123], or wavelet
processing [126]. This type of multi-scale processing is also an integral part of
convolutional neural networks, which often use pooling layers to reduce the
spatial dimensions of the image [182], see also the design of the U-Net [168].
With a similar reasoning, multi-scale architectures for normalizing flows were
proposed in the RealNVP framework [58] and are an integral part of many
successful invertible neural networks, for example, Glow [107] or the invertible
U-Net [67].

The multi-scale architecture defines a hierarchical feature space, where
some variables are factored out at an earlier level of the flow, see Figure 2.2 for
a schematic visualization. At each scale, multiple invertible transformations
are combined in a transformation f®. The transformation f® commonly
includes an invertible downsampling operation to transform the h X w X ¢
image to a shape of h/2 x w/2 X 4c. In RealNVP, half of the channels are
directly forwarded to the output, and the other half is passed to the next
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z

A-0-0==E

Figure 2.2: Schematic example of a three level multi-scale architecture. The
red arrows denote invertible transformations and the blue arrows denote the

splitting of dimensions and forwarding to the output.

transformation. This can be recursively defined as
h©® =x
(WD gDy = (D ME) =0, L -2
7L — f(L)(h(L—l))
z=(zY,... 2D,

where the final output z is defined as the concatenation of all
intermediate z”. An example of a combination of invertible transformation
used in RealNVP is provided in Figure 2.3.

As a result of this architecture, the model has to differentiate between
finer features, factored out earlier, and coarser features, factored out
later. As an additional practical benefit, the loss is distributed across the

(2.42)

network, similar to intermediate layer guidance used in deeply supervised
networks [120, 122]. Moreover, due to the smaller spatial size of intermediate
activations, these architectures have a reduced memory cost and computation
time. As a consequence, using this type of multi-scale architecture makes
it possible to train deeper flow-based models. As an alternative, a fully
invertible variation of the U-Net has been proposed by Etmann et al. [67]
sharing similar computational advantages.

2.3 Application to Inverse Problems

In this section, we will discuss several ways of exploiting invertible neural
networks for inverse problems. The applications can generally be classified
into two groups: generative modeling and operator learning. For generative
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Figure 2.3: Operations for one scale in RealNVP [58|: First three coupling
layers with permutations are used, then an invertible downsampling operation
is performed, and finally three more coupling layers with permutations are
applied. The first half of the output h(*V is passed to the next scale, and
the second half z0*1) is directly forwarded to the final output.

modeling, we can make use of invertible neural networks to build normalizing
flow and use them for VI, learning the prior or estimating a posterior
from a given dataset. Invertibility can also be used as an analytical tool to
learn operators. In particular, as both the forward and inverse are Lipschitz
continuous, we can estimate bi-Lipschitz function and learn regularizers for
inverse problems, see Section 2.3.4.

2.3.1 Variational Inference

Normalizing flows are a promising class of probabilistic models for
VI [180, 194]. As discussed in Section 1.1.2, the goal in VI is to find a
tractable approximation of some known, but intractable, posterior p*° (x|y)
by minimizing the discrepancy between the probabilistic model and the
posterior. This discrepancy is usually measured with respect to the reverse
KL divergence

Dicv(po(x)[[pP* (x[¥)) = Exupyx) [ log p"* (x[y) + log pp(x)],  (2.43)

where py(x) is defined by a normalizing flow [31]. Given an invertible neural
network 7y : R" — R", with x = Ty(z) and z ~ p,(z), the optimization
problem reduces to

min { £1(6) = Eyrp, [~ 10g 2 (v1T5(2)) — log | det Jr, (2) ]}, (2.44)

where all term independent of 6 have been dropped. The negative
log-determinant of the Jacobian in Eqn. (2.44) is related to the negative
entropy of the flow-based model and acts as a regularization term. Without
taking this term into account, the normalizing flow would recover the MAP

57



Chapter 2 Invertible Neural Networks

solution. Sun et al. [194] introduce an additional parameter 8 > 0
00 {£511(6) = Bap [ lo 07 (y|75(2)) — Blog | det Jry ()]} (2:45)

where a large [ results in a larger entropy for py(x), thus increasing the
diversity of samples.

The optimization is usually performed with gradient descent, requiring an
estimating of the gradient VyLy;(0). Given a set of samples {z}Y | from the
base distribution, this gradient can be obtained via a Monte Carlo estimation

N

VoLyi(0) =~ (=Volog p**' (y|T5(z")) — Vglogdet J7, (z(i))) . (2.46)
i=1

where both the gradient of the posterior and the gradient of the log-det term

can be computed via backpropagation. Usually, for each training step a new

set of samples {z("}Y | is drawn to estimate the gradient [151].

A particularly interesting special case are linear inverse problems with
additive Gaussian noise, where we again exploit Bayes’ theorem to decompose
the posterior into likelihood and prior. Assuming additive Gaussian noise and
a Gibbs prior [103], the likelihood and prior are given by

1
PR o exp (5l Ax -yl ). 0 o exp(-ALX[R). (247

for some matrix L. By imposing a base distribution p, ~ N(0, ), we arrive
at the objective

. 1
min By xo. [%HA%(z)—yuémnwzw%—1ogdew7—g<z> C(248)

VI only requires a single measurement y and has similar computational
requirements as the DIP (cf. Section 1.4.4). The VI framework can be
extended to a variety of priors. For example, Siahkoohi et al. [180] first learn
model the prior 7(x) with a flow-based models given a dataset {x®}~, of
images from our target domain. In the second step, this learned prior is fixed
and a normalizing flow is trained to approximate the resulting posterior.

A drawback of VI is the high computational cost, as the normalizing
flow has to be retrained for every new measurement y. To reduce the
computational cost, conditional flow-based models can be employed to
perform amortized VI [108, 131, 150]. In amortized VI, we assume access
to a dataset of measurements {y”}¥, and learn a conditional normalizing
flow with y® as an additional input. The objective function in Eqn. (2.44)
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has to be changed to include the measurements
m&iﬂ{ﬁa-w(e) =

Eypy () Ezmps(2)[— 108 PP (To (2, y)|y) — log | det J7, (z; y)|]},

where the Jacobian is only computed with respect to the base variable z.
After the initial training phase, the posterior for a new measurement can
be approximated with the trained conditional normalizing flow, without the
need for re-training.

(2.49)

2.3.2 Learning the Prior

We follow the setting introduced in Section 1.4.2. We assume, that a
dataset {x}Y | with X ~ pgaa(x) ii.d., is available. By minimizing the
negative log-likelihood
1 o= (1 . |
L) = 5 30 (G175 DI ~ o et 1 () ) 250
i=1
with a Gaussian base distribution, we can train a normalizing flow to
approximate the unknown data distribution, see also Section 2.1. This trained
prior can be integrated in several downstream applications. Most works
focus on the integration of a normalizing flow prior in MAP estimation,
see |18, 89, 114, 211, 212] or |7]. However, normalizing flow priors have
recently also been used in Langevin sampling [35]. In the MAP approach, the
negative log-likelihood of the trained normalizing flow is used as a regularizer:

% = argmin — log p""(y|x) — log pg(x). (2.51)

x€R™
Due to the invertibility of the normalizing flow, one can formulate this
optimization problem in the latent space [18, 89], i.e.,
z = argmin — log p""(y|Ty(z)) — log p.(2), (2.52)
zcR”
and obtain the final reconstruction as X = 75(z). In the case of a Gaussian
base distribution and a Gaussian noise model Eqn. (2.52) reduces to
. 1
2 = argmin o— [[ATy(2) —y)ll +vl1z]l, (2.53)
zcR” Uy
where 7 > 0 is an additional penalty parameter. It has been observed
that optimizing over the latent space, instead of the pixel domain, is
less challenging [211]. However, as the normalizing flow 75 can become
unstable (cf. exploding Lipschitz constant, see Section 2.1.1.3) when learning
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multi-modal distributions, naively optimizing over the latent space may lead
to degraded or distorted reconstructions [18, 89].

To address this problem, several regularization strategies and
optimization techniques have been proposed. For example, the non-linear
optimization problem in Eqn. (2.52) is initialized with zo = 0 [18],
which corresponds to the maximum likelihood z in latent space. This
initialization ensures a starting point in a relatively high likelihood region.
Another approach is to regularize the learned mapping 7, by adding
specific regularization to the training loss. For example, in addition to the
negative-log likelihood L(0) a latent-noise loss L1,(0) = ||To(z+n) — To(2)||
with z = 7, '(x) and random noise 1 has been used [89]. This latent-noise
loss encourages similar elements in latent space, to be mapped to similar
images, essentially constraining the Lipschitz constant of 7y. The magnitude
of the noise 1 connects to the strength of this regularization.

Further, some techniques specifically exploit the multi-scale architecture
used for many normalizing flow models. In coarse-to-fine optimization [89] the
authors directly use the decomposition of the base variable z = (z1,...,2y),
where z; is the split output from the last layer relating to the coarse structure
of the image. They define a sequence of optimization problems

. 1
2), = argmin o— [[ATy(2) = y)[l5 + 7ll2l5

zy, gy (2.54)

with z = (21, e ,Zk_l, VA Z/H_h Ce ,ZL),
for k = L,...,1. Here zg,4,...,2z; are fixed from the prior optimization
problems and zi,...,Z;_; are taken as the mean values from the training

data. This means, that for each optimization problem in this sequence, only
one part of the base variable is optimized.

A large collection of images {x®}¥, is needed to train a suitable

prior. This problem is not inherent to normalizing flows, but rather has
been observed in many image prior models, where it is often tackled by
the use of patch-based priors [170, 220]. In the field of normalizing flows,
patch-based methods have been explored by Helminger et al. [89]. However,
in the reconstruction step, they reconstruct all image patches individually,
which only works for local image degradations, i.e., denoising, deblurring, or
inpainting. In PatchNR [7], we also train a normalizing flow on image patches
but use an all-at-once approach to reconstruction.
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2.3.3 Learning the Posterior

The task of learning the posterior with normalizing flows is similar to
learning a prior. As discussed in Section 2.1.2, for each fixed y € R™
the transformation T7y(-,y) defines a normalizing flow. Using a paired
dataset {(x,y@)}N we can train the conditional flow-based model using
an empirical approximation to Eqn. (2.14)

N
1 1 (1) i), (i
OEEDY (—logpz(% H(x@,y)) = log| det J—1 (x; y ))I) :
i=1
(2.55)
For the typical choice of a Gaussian base distribution, we get:
N
1 L1 @) o i), (i
La(0) ~ Z; (QH% Hx@ y D)3 = log| det Jy— (x; v ))I) . (2.56)

This approach is entirely data-driven as in this training loss no information of
the forward operator A is used. As already pointed out in Section 2.1.2, most
approaches do not use the measurements y directly as an input, but rather
some sort of preprocessing. Different forms of preprocessing were for example
applied for computed tomography reconstruction [52], magnetic resonance
imaging [53], photoacoustic imaging [150] and seismic imaging [181]. Using
adjoint preprocessing, the loss function further reduces to

N
La(®)~ > <§||7; Hx@, ATy D)3 — log| det Jr—1 (x; A y”)l) .
=1

(2.57)
The trained conditional normalizing flow can be used to compute the
conditional mean as the reconstruction. The conditional mean can be
computed as

K
1 . )
xow = 7 Tl AY), 20~ ). (2.58)

for a new measurement y € R™. Even with this preprocessing, there is no part
in the training process directly enforcing data consistency. Nonetheless, in
the evaluation of the LoDoPab-CT challenge, we found that this conditional
mean reconstruction has a similar data consistency to other data-driven
approaches, see Table 3 in [121].

It is important to distinguish the difference between general
conditional density estimation and posterior estimation. Estimating the
posterior pP*'(x|y) given samples is a different task than estimating some
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other conditional density as the posterior comes with a lot of stability
estimates. In most statistical inverse problems, the posterior is robust to
changes in y with respect to the Hellinger metric [193]. Latz [117] extends
this stability also to other metrics. These estimates hold in particular for
the example of linear inverse problems with additive GGaussian noise. These
stability estimates were recently extended to other conditional generative
models [8]. However, the extension to conditional normalizing flows is still
missing.

2.3.4 Operator Learning

Besides the applications for statistical inverse problems, invertible neural
networks can also be used in the functional analytic framework, where
some works studying the approximation capabilities of invertible networks.
Teshima et al. [199] show that affine coupling flows are LP-universal
approximators for C? diffeomorphism. Roughly speaking, for any C?
diffeomorphism g, there exist an affine flow f, such that ||f — g|,x < €
for any € > 0 and any compact subset K. Here || - ||, x is the LP norm
restricted to K. This result also extends to distributional universality, which
is of interest for generative modeling. In a recent work, Lyu et al. [130] claim
even universality for C* diffeomorphisms even in the C* norm. However, they
need a lifting to higher dimensions, i.e., a padding with zeros, to achieve this.
Both of these results give no rate of the approximation, for example in terms
of the number of affine coupling blocks.

These theoretical works give justification that bi-Lipschitz functions can
be reasonably well approximated using invertible neural networks. Recently
Jin et al. [98] showed specific approximation rates for bi-Lipschitz functions
by an explicitly constructing of the invertible mapping. They use an invertible
neural network 7y to learn both the forward operator F' : X — ) and the
inverse F~' : ) — X at the same time using a dataset {(x@, y@)}Y with
a joint reconstruction loss

N
1 : i 1/ (i i
min+ 3 (IT6<9) =y 915+ 17 69) - xV3) . (259)
=1

Further, they propose an approach for approximating bi-Lipschitz functions
on infinite-dimensional spaces by combining model reduction using principal
component analysis with an invertible neural network mapping.

An application to linear inverse problems has been explored by
Arndt et al. [14]. In the discrete setting, we work with a linear forward
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operator A : R" — R™, usually with m < n. Approximating the forward
operator in itself using an invertible neural network is only feasible in the
setting of n = m, i.e., if the dimensions of the input and output space are
the same. As a consequence, in our work, we study approximations to the
normal equation 7 ~ ATA and implement 7y as a one-block invertible
residual network. Solving the inverse problem is then a two-step process:

1) Training the invertible neural network on a supervised dataset
{(x@ y)HL:

N
1 . ,
i E DY _ AT (@))2
melnN — H%(X ) A y H2

(2.60)
with Ty(x) = x — fp(x), Lip(fy) < L < 1.
2) Using 7;_1 to obtain a reconstruction for new measurements y:
x =T, (ATy). (2.61)

The maximum Lipschitz constant L is a design choice and is related to the
Lipschitz constant of the inverse via Lip(7,') < 1/(1 — L). Increasing the
Lipschitz constant leads thus to a higher expressiveness, but also decreases
robustness and thus sensitivity to noise. By varying the Lipschitz constant L,
we define a family of reconstructions Ry = ’7;_L1 o AT where L acts as a
regularization parameter and R, is a regularizer. This regularization depends
both on the architecture of the residual network fy and the training data used.
Recently, this analysis was extended to different training approaches and loss
functions [15].

2.4 Score-based Diffusion Models

Score-based diffusion models are the current state of the art for generative
modeling [55, 189]. They emerged as a new interpretation of denoising
diffusion probabilistic models [91, 184] and score-matching Langevin
dynamics [187]. The training of a normalizing flow is set up in a way, that
images are transformed into noise by 7, '. By learning this image-to-noise
map with an invertible transformation, we implicitly get access to the
noise-to-image mapping, necessary for sampling. For score-based diffusion
models, we go the other way around: We set up a fixed forward process to
transform images into noise and learn to invert this process step by step. For
this presentation, we follow the notation introduced in [189].
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The forward process, i.e., transforming images into noise, is defined as
an Ito stochastic differential equation (SDE) [175]. This forward diffusion
process takes a sample of the data distribution and perturbs it with noise
according to

dx; = f(xy,t)dt + g(t)dwy, X ~ pPo = Ddata, (2.62)

where {x;}; is a stochastic process indexed by time ¢ and {w,}, is Brownian
motion. Through this SDE a time-dependent density p(x;) is imposed, where
we write p;(x;) = p(x;) to explicitly emphasize this time dependency. The
drift function f(-,¢) : R™ — R"™ and the diffusion function g : R" — R define
how the time-dependent density p;(x;) evolves over time.? Drift and diffusion
functions are chosen in such a way that the terminal distribution at ¢t = T
approximates a standard Gaussian, i.e., pr &~ N(0,I), or another tractable
distribution.

Under weak assumptions®, there exist a reverse diffusion process [10],
mapping noise to the data distribution. This reverse diffusion process is given
as

dx; = [f(xt, 1) — g(t)*Vx log pi(x:)]dt + g(t)dw, (2.63)

where {W;}; is a time-reverse Brownian motion and the SDE is solved
backward in time. The term V,logp:(x;) is called the score function and
plays a central role in score-based diffusion models.

The goal in score-based generative modeling is to train a neural network,
called the score model, to approximate this score function by minimizing the
explicit score matching (ESM) objective

Lisum(0) = Eoevrio.11Ex,mpr(xe) [wWells0(x¢, 1) — Vi log pe(x1)[[3] - (2.64)

However, as the score function is generally unknown, this optimization
problem is intractable. Already in 2005, Hyvarinen [95] proposed an implicit
score matching objective, circumventing the evaluation of the score function.
Vincent [210] provides a connection between implicit score matching and
training a denoiser, proposing denoising score matching (DSM). In the DSM

3Note that the diffusion function can be further generalized to matrix-valued
functions G : R™ x R — R™ ™ with an additional dependence on x;, see Appendix A
in [189].

4The drift function f is usually chosen as f = 0 [189] or as a linear function in x [91].
Both choices satisfy the assumptions in [10].
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framework, the time-conditional neural network sy(x;,t) is trained using
meln{LDgM(H)

= Eitr0,71 Eoxompania () Bxeps (xe[x0) (@il 80(Xe, 1) — Vi log py(x[%0) [I3] },
(2.65)

where w; > 0 are weighting factors, balancing the different time steps.
Vincent [210] proves, that Lpgy(f) and Lgsy(f) have the same minimizer.
This result is remarkable as it shows that it is sufficient to only match
the transition densities p;(x;|xo) to approximate the full density p;(x;). For
SDEs with an affine linear drift the transition densities are Gaussians and
have closed-form expressions, making Eqn. (2.65) efficient to evaluate [175].
The two most widely used SDEs are the variance preserving SDE [91]
and the variance exploding SDE [187], both of which result in transitions
densities p;(x¢|x0) = N (x4; 14%0, V21), where 73, v can be computed from the
drift and diffusion functions. For these SDEs, we can simplify the loss function

to
2

solxit)+—| [ (2.66)

Vi

LDSM(Q) = EtNU[OrT]EXO"’pdataEz’\"N(o’I) [wt
2

with x; = v,xo + 14z and z ~ N(0,1). For the choice of w; = 12, the DSM
objective (plus an additional constant independent of 6) is an upper bound
of the negative log-likelihood

—Expaa 0108 Po(X)] < Lpsu(0) + C, (2.67)

where C'is a constant and py(x) the probabilistic model defined by the reverse
SDE, see [188, Corollary 1].

To highlight the connection between denoising and training the score
model, we can make use of a result by Tweedie [62]. Given a trained score
model, the minimum mean-squared-error denoiser is given by
x; + 17V log p(x) 5T viso(xi, t)

Tt Tt
Further, given a trained denoiser D(x;,t) &~ Xy, we can recover the score
model as

Elxo[x:] = = Xo(X¢). (2.68)

D(x;,t) —x
Sp(xy, t) ~ 7D t’2) L (2.69)
Vi
The equivalence between denoising and score modeling has been successfully
utilized for Bayesian inverse problems and included in Langevin sampling

algorithms [101, 102, 118|. Sampling from a score-based diffusion model
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requires solving the reverse SDE with the score model in-place of V, log p;(x;)
dXt = [f(Xt, t) — g(t)259(xt, t)]dt + g(t)d\TVt (270)

Here, Euler-Maruyama [189] is one of the most basic methods for
discretization of the resulting SDE. Starting with xp ~ pp, the
Euler-Maruyama sampling update is given by

Xe_nr = X —[F(x¢, 1) —g(t)?s0(xs, )] | At +g(t)\/|At|z, z ~ N(0,1), (2.71)
which decomposes into an explicit Euler update and adding noise at each
iteration. For high-quality samples, usually a small time step |At| is required,
requiring a high number of iterations and evaluations of the score model.
There has been a lot of research in reducing the number of sampling, for
example by using denoising diffusion implicit models [185].

2.4.1 Connection to Continuous Normalizing Flows

The perturbation with the SDE is connected to a diffusion of the density
function via the Fokker-Planck equation [32 175]:

dpxt - g(t
Za (fi(x, t)p(x, 1)) +ZZaxjaxl . Skt (272)

where p(x,t) is the (now) time dependent density with p(x,t = 0) = pgata(X)
and f = (fy,..., fu) and g are drift and diffusion functions, respectively. The
Fokker-Planck equation can be reformulated as

lt) _ z | (000 = L5 tomptx o, ) o) | . 27

This means that the SDE in Eqn. (2.62) has the same marginal
densities p(x,t) as the following ODE

dx = [f(x, t) — g(;)z

which is referred to as the probability flow ODE [189]. In this way,
the probability flow ODE defines a continuous normalizing flow. The

(x, t)} dt, (2.74)

continuous normalizing flow framework, as presented in Section 2.1.3, has the
disadvantage of a slow maximum likelihood training, i.e., two ODEs have to
be solved for each optimization step when using the adjoint ODE for gradient
computation. Using this probability flow ODE together with denoising score
matching offers a simulation-free training of the model.
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By exploiting the connection of ODEs to SDEs one can compute the
likelihood as

log po(x(0)) = log pr (x(T)) + / div(F(x, ))dt, (2.75)

with f(x,t) = f(x,t) — #Vx log pi(x,t). Note that continuous normalizing
flows and score-based generative models usually define the time the other way
around. For score-based diffusion models, we start at ¢ = 0 with the data
distribution pyaia(x), and for t = T, we arrive at pr(x(T),T) =~ N (x(T); p, )
which should approach some Gaussian (the final form depends on the forward
SDE). For continuous normalizing flows, we usually define it the other way
around, i.e., we start at t = 0 with the base distribution. However, this simply
corresponds to a different parametrization.

Sampling from the corresponding probability flow ODE requires to
simulate Eqn. (2.74) backwards in time, starting at x(7") ~ pr. For the
ODE simulation, any off-the-shelf ODE solver can be used. However, samples
from the corresponding probability ODE often have a lower visual quality
than samples from the reverse SDE. The gap between the ODE and SDE
formulation, and particularly the impact on sampling, has recently been
explored [54].

2.4.2 Application to Inverse Problems

Score-based diffusion models can be used to estimate the posterior pP*(x|y).
Either the posterior can be directly modeled by a conditional score-based
diffusion model (see e.g. [24]) or the score-based diffusion model can be used
to learn the prior 7(x) [189]. A score-based diffusion model for the posterior
requires drawing samples from the reverse SDE

dx; = [f(x,t) — g(t)*Vx, log pr(x]y)]dt + g(t)dw,, (2.76)
with a time-dependent posterior score Vy, log p;(x;|y). Using Bayes’ theorem,
the time-dependent posterior can be decomposed in

Vi, log pi(xe]y) = Vy, log pi(x:) + Vi, log pi(y|x:)

~ so(Xt,t) + Vi, log pi(y|xe),

where sg(x;,t) is a score model trained to approximate the prior 7(x)
and Vy, log p:(y|x;) is the time-dependent likelihood. In particular, sy(x;,t)
can be pre-trained and is independent of the inverse problem under
consideration, i.e., it can be reused for different tasks.

(2.77)

Using the pre-trained unconditional score model sy(x,t) for posterior
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estimation, requires to evaluate the time-dependent likelihood. However, this
time-dependent likelihood is intractable as it can be factorized as

plyix) = [ Pyl 2.73)

and this high-dimensional integral is hard to compute. To still enable
posterior sampling, different approximations were proposed. For example in
some works |97, 160] the time-dependent likelihood is simply approximated
with the scaled likelihood as

< (y[x.), (2.79)

with a time-dependent penalty );. Chung et al. [44] propose DDS and make
use of Tweedie’s formula, cf. Eqn.(2.68), to obtain X (x;) ~ E[xo|x;| and use
the approximation

th logpt (Y|Xt) = A?fvxt 1ng

Vi, log pi(y]%:) = Vi, log p"™ (y[(x:)). (2.80)

However, this approximation comes with a higher computational cost as the
gradients have to be computed through the score model. In the case of a
linear inverse problem with Gaussian noise, p'"(y|x) = N(y; Ax, ooLn),
Boys et al. [33] use a Gaussian approximation to p(xg|x;), enabling them to
analytically evaluate the time-dependent likelihood in Eqn. (2.78).

The Euler-Maruyama discretization usually needs about 1000 time-steps
to produce realistic results [91, 185, 190, 189]. Another sampling scheme,
referred to as denoising diffusion implicit models (DDIM), was proposed to
speed up the sampling process, requiring fewer iterations [185]. This sampling
process does not make use of the Euler-Maruyama discretization. Recently,
a new framework was proposed by Chung et al. [45] was developed to modify
the DDIM sampling update for linear inverse problems.
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